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ABSTRACT. This article aims to contribute to the study of algebras
with triangular decomposition over a Hopf algebra, as well as the BGG
Category O. We study functorial properties of O across various setups.
The first setup is over a skew group ring, involving a finite group I" acting
on a regular triangular algebra A. We develop Clifford theory for A x T,
and obtain results on block decomposition, complete reducibility, and
enough projectives. O is shown to be a highest weight category when
A satisfies one of the “Conditions (S)”; the BGG Reciprocity formula
is slightly different because the duality functor need not preserve each
simple module.

Next, we turn to tensor products of such skew group rings; such
a product is also a skew group ring. We are thus able to relate four
different types of Categories O; more precisely, we list several conditions,
each of which is equivalent in any one setup, to any other setup - and
which yield information about O.

1. INTRODUCTION

The results of this article relate the representation theories of various
algebras; thus, they are “functorial” in a sense. However, one can apply
them to certain well-understood algebras, to get results in other setups. For
example, we show the following result in Proposition Bl and after Remark
K2 for details and more results in this setting, also look after Remark

Proposition 1.1. Given a complex semisimple Lie algebra g, denote by
PEJr its set of dominant integral weights, and Ry the wreath product algebra
Sp g (see [Mad, §6]). Then the category of finite-dimensional Rg-modules
contains at least “P;’ -many” simple objects, and is semisimple.

Hereafter, S, ! A := A®™ x S, for any ring A, with S,, acting by permuting
the components in the tensor product; the definition is similar when A is a
group.

This article studies the representation theory of special families of alge-
bras with triangular decomposition over a commutative Hopf algebra (these
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algebras have been studied in general by Bazlov and Berenstein). In general,
such algebras are not Hopf algebras; thus one studies them, for example, by
defining and analyzing (analogues of) Verma modules - or, in other words,
some version of the Bernstein-Gelfand-Gelfand Category O. We do so below,
for a special subclass of such algebras.

In [Kh2], we defined a general framework of a reqular triangular algebra A
(also denoted by RTA; we recall the definition below), wherein the BGG Cat-
egory O can be studied, and results obtained about a block decomposition
into highest weight categories. Examples of such algebras are (quantized)
universal enveloping algebras of (semisimple, or) symmetrizable Kac-Moody
Lie algebras, Heisenberg and Virasoro algebras, and (quantized) infinitesi-
mal Hecke algebras (see [Khil [GKL [EGG], and [KT, [Kh2] respectively).

The goal of this article is to extend many of the classical results of [BGG]
to other setups (e.g., Proposition [l above), by applying the following two
constructions:

e the skew group ring A x T (where I is a finite group acting on A),
e the tensor product of RTAs Aq,..., A, for some n.

These constructions were motivated by the study of finite-dimensional rep-
resentations of the wreath product symplectic reflection algebra in [EMI];
we term the first construction Clifford theory. Combining them produces
results for the wreath product of an RTA, for instance.

We now combine the two constructions as follows: suppose A4; x I'; are
skew group rings for 1 <7 < n. We can then form A = ®]_ ;| A;,I' = x| I';,
and A X I' - and this gives us four different setups for the category O:

allAZ:{Allgzgn}, aHAZXIFZ:{AZNFZ1§Z§TL},A,A>¢F
(1.1)
In a sense, these constructions “commute” when I' = x;I';, namely:

{A}  —"5 {AixTy}

®l ®l (1.2)
A=®A; —— AxT

(Every diagram in this article is functorial, rather than a commuting square
of morphisms in some categories.) However, if we want to construct the
wreath product S, 1 A, say, then the diagram above does not help: the steps
to take are {A4; = A,|T;| = 1} — A®" — A®" x S,,. But these steps are
all found in diagram ([CZ); moreover, all algebras here (as well as in ([C2))
are examples of skew group rings.

Our goal, therefore, is twofold: (a) to relate the categories O in the above
four setups, and (b) to show that Oxr is a highest weight category in the
sense of Cline, Parshall, and Scott JCPS], when A x I' (or A) satisfies what
was called Condition (S) in [Khl] - but we now call Condition (S3), as in
IKh2]. As we will see, this is related to this condition being satisfied in the
other three setups.
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Getting results using the second vertical arrow in diagram (LZ) may pose
problems - for instance, see diagram ([[6.J]) below. However, the horizontal
arrows can be “reversed”, which allows us to proceed the “longer” way in
this case. Also note that much of the analysis will be analogous to the theory
developed in [BGG, [Kh1l [GK]; however, we will explain the new features -
as well as the interconnections - in detail.

If H is cocommutative as well, then skew group rings are algebras with
triangular decomposition over the Hopf algebra H x I' (see [BaBe, Appen-
dix]). Thus, one avenue for possible further study, is to bring the theory of
braided doubles and triangular ideals into the picture.

Finally, as a small application, we study the wreath product of symplectic
oscillator algebras; we conclude by showing that the Poincare-Birkhoff-Witt
property does not hold if we deform certain relations.

2. SETUPS - THE GENERAL AND HOPF CASES

We work throughout over a ground field k. Unless otherwise specified,
all tensor products are over k. Define Z> := NU{0}. Given S C Z and
a finite subset A of an abelian group Py, the symbols (£)SA stand for
{(£) D nea na i ng € S Va} C Py. We will often abuse notation and claim
that two modules or functors are equal, when they are isomorphic (double
duals, for instance). Finally, in developing Clifford theory for RTAs and the
Category O, we use the general results on Clifford theory over C, that are
stated in the Appendix in [Mad].

Definition 2.1.

(1) If A is a k-algebra, and I" a group acting on A by k-algebra auto-
morphisms, then the (T'-)skew group ring over A is defined to be
AxT = A®y kL', with relations ya = y(a)y. (Henceforth, kT is the
group algebra of T'.)

(2) For v € T, define Ad~y € Auty(A x T) to be Adv(ay') = vay'y~! =
v(a) Adr (7).

(3) Given a weight A € Homy_44(A, k) and an A-module M, its A-weight
space is My :={m € M : am = X(a)m Ya € A}.

2.1. The main definitions. We now mention the general setup under
which our results are proved; for “all practical purposes”, the assumptions
are simpler, and to see them, the reader should go ahead directly to 22

Definition 2.2. An associative k-algebra A, together with the following
data, is called a regular triangular algebra (denoted also by RTA; see [Kh2]).

(RTA1) There exist associative unital k-subalgebras By and H of A, such
that the multiplication map : B_ ®; H ®; By — A is a vector space
isomorphism (the triangular decomposition).

(RTA2) There is an algebra map ad € Homy,_q4(H, End;(A)), such that for
all h € H, ad h preserves each of H, By (identifying them with their
respective images in A). Moreover, H ® By are k-subalgebras of A.



4 APOORVA KHARE

(RTA3) There exists a free action * of a group P on G := Homy,_q4(H, k), as
well as a distinguished element O = 0p*0g € G such that H = Hy,
as an ad H-module.

(RTA4) There exists a subalgebra Hy of H, and a free abelian group Py of
finite rank, such that

(a) Py acts freely on Gy := Homy_qi4(Ho, k) (call this action * as
well), and

(b) the “restriction” map 7 : G — Gy sends P x0g onto Py x7(0¢),
and intertwines the actions, i.e., x o (7 X ) = 7 o *.

For the remaining axioms, we need some notation. Fix a finite
basis A of Py. For each § € P and 6y € Py = ZA, abuse notation and
define § = 0 x 0 € G, 0y = 0y *x(0g) € Go. (We will differentiate
between 0 € Py or Go, and O € G.) We call G (or G, Py, A)
the set of weights (or the restricted weights, root lattice, simple roots
respectively).

Given A € S C G and a module M over H (e.g., M = (A,ad)),
define the weight space M) as above, and Mg := @,.g My. Given
0y € ZA, define Mgo = Mp-1(gy)-

(RTA5) It is possible to choose A, such that By = EB (B1)g
0P (0)E€+Zs0A
(where A is an H-module via ad).
(RTAG) (B:I:)O = (B:l:)nfl(w(OG)) = k, and dimk(Bi)go < oo Vb, € iZ}OA
(we call this regularity).
(RTA7) The property of weights holds: for all A-modules M,

Ag- Ay C Apsp V@,QIGP,
Ag- M, C MQ*AVQEP,)\EG.

(RTAS8) There exists an anti-involution i of A (i.e., i?|4 = id |4) that acts as
the identity on all of H, and takes Ay to Ay-1 for each 6 € P.

Definition 2.3. An RTA is strict if H = Hy,G = Gy D P = Py (whence
T=id |G)

Example. This definition is quite technical; here is our motivating example
- a complex semisimple Lie algebra g. Then A = g, ad is the standard
adjoint action, and H = Hy = Symb, whence the set of weights is G =
Go =h* D P =Py =ZA (the root lattice). Moreover, i is the composite of
the Chevalley involution and the Hopf algebra antipode on ilg.

Remark 2.1. We note that H is commutative by (RTA8), and (RTAG6)
defines augmentation ideals Ny of Bi. One change from earlier theories of
the Category O, is in our allowing “non-strict” RTAs in our setup; this is
needed if we want to include infinitesimal Hecke algebras (not over sly). See
[Kh2l [K'T] for more details.
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Standing Assumption 2.1. Henceforth, A is an RTA, I' is a finite group

acting on A, and k is a field of characteristic zero if |I'| > 1. Moreover, in
AxT,

(1) Thereis an algebra map ad : HxI' — Endg(A), that restricts on H,I"
to ad € Homy,_q4(H, Endg(A)) and Ad € Homg;oup (', Auty—ag(A))
respectively. Moreover, i(y(a)) = v(i(a)) for v € I',a € A, and each
subalgebra R = k, N+, Hy, H is preserved by ad £, for each £ € H xI".
Here, the restricted ad |z and the anti-involution ¢ are part of the
RTA-structure of A.

(2) The map : I' x G — G = Homy_qq(H, k), given by (y(X),h) :=
(A\,v71(h)), is an action that preserves (P * Og,*). That is, v(6) *
Y(A) = (0% A) for all v, 8, X respectively in I', P, G, and v : Px0g —
P x0g V.

The above assumptions imply the following “compatibility”:

Lemma 2.1. Suppose A x T is a skew group ring that satisfies Assumption
[Z2  Then T preserves Og, and also acts on Gy (and Py), such that w
intertwines the actions: ¥y € I', moy = vom on G. Moreover, v(Ap) =
Ay Vy €T,0 € P, and A x T has an anti-involution that restricts to i,ip
on A, T respectively.

To show this, we need some basic results.

Lemma 2.2. Suppose a group I' acts on an associative unital k-algebra R
by k-algebra automorphisms. Then T acts on R*: (y(\),r) := (A, v~ 1(r)).
(1) Given y €', an R-module M, and a weight X, v(My) = My
(2) Suppose i : R — R is an anti-involution. Define ir(y) = v~ for
v €. Then i,ir extend to an anti-involution of R x I, if and only
if i(y(r)) =~(i(r)) for all € R,y €T.

Proof of Lemma[Z1l That y(Ag) = A, @) follows from the above lemma.
Moreover, H = ~v(H) = v(Hog,) = H. (), Whence 7 fixes Og. Finally, given
A € G, one easily checks that y(7(\)) = m(y(A\)) on Hp; in turn, this implies
that T acts on Py (since it acts on P by Assumption ETI). O

We used the (standard) Hopf algebra structure of kI in the above results
(ie., A(y) = v®7,5(y) = v 4 e(y) = 1). This is further used in the
following result, which also helps us rephrase (and reduce) the assumptions
when H D H, are Hopf algebras (i.e., A is a Hopf RTA; see [Kh2]).

Lemma 2.3. Keep the assumptions of LemmalZ3, and suppose also that R
is a Hopf algebra. We thus have Hopf algebra operations A, e, S on both the
(Hopf) subalgebras R, kT’ of R x T'.
(1) These operations on R, kT" extend to Rx T (such that R x T becomes
a Hopf algebra), if and only if Ad is a group homomorphism from T
to Hopf algebra automorphisms Autops(R).

Now suppose that the conditions in the first part hold.
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(2) Then Ad € Homgroup(I', Attgroup(G)), where G = Homy_q4(R, k)
is a group under convolution: (A u)(r) := > A(rqy)u(r())-

(3) If A D R is a k-algebra containing R (with 14 = 1), so that T acts
on A by algebra maps (with compatible restriction to R), then ad|g
and Ad|r can be extended to ad € Homy_q9(R x T',Endy(A x T')).

We remark that not every algebra automorphism of a Hopf algebra is a
Hopf algebra automorphism; for example, if H is a non-cocommutative Hopf
algebra, then the flip map 7 : HQHP? — HQH P given by 7(x®y) = y®u,
is an algebra map but not a coalgebra map. Here, H? denotes the Hopf
algebra (H,m,n, A%, e, S71).

2.2. The case of Hopf algebras. Several extensively studied examples in
representation theory occur with the additional data that H O Hy are Hopf
algebras (see [Kh2] for a theorem, as well as a list of examples). Thus, this
is the setup one should have in mind.

The lemmas above, together with the analysis in [Kh2], show that some
of the defining assumptions can be relaxed. (In particular, A is now a Hopf
RTA, or HRTA, when T is trivial.) Let us mention the “reduced” set of
axioms for A and A x I', obtained by combining all this.

Proposition-Definition 2.1. A skew group ring over a Hopf RTA is AxT,
where all but the last part (I'(A) = A) hold if and only if (see [Kh2]) A
is an RTA, H D Hy are Hopf algebras with compatible structures, and ad
their usual adjoint actions.

(1) The multiplication map: B_ ®; H ®; By — A is a vector space
isomorphism. Here H, By are associative unital k-subalgebras of A.
Moreover, the “Cartan part” H is a commutative Hopf algebra.

(2) H contains a sub-Hopf algebra Hj (with groups of weights G, G
respectively), and Gy contains a free abelian group of finite rank
Py = ZA. Here, A is a basis of Py, chosen such that

By = &y (Bro= €P (B

06G:7T(6)E:|:Z>0A 906:|:Z20A

(the summands are weight spaces under the usual adjoint actions).
Each summand in the second sum is finite-dimensional, and (B4 ),
= (Bx)o = k.
(3) There exists an anti-involution 7 of A, such that i|g = id |g.
(4) T is a finite group, that acts on By, H, Hy (and hence on A), such
that the action of each v € T’
e on B is by algebra automorphisms,
e on H (and hence on Hy) is by Hopf algebra automorphisms,
e on A commutes with the anti-involution 4, and
e induced on Gy preserves A.

Remark 2.2. First, we do not assume here, that H is cocommutative;
nevertheless, H ® By =2 By x H, the smash product algebras. Next, that I
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preserves A is included, because it will be needed later to show that every
Verma module has a unique simple quotient; see Proposition below.

Recently, Bazlov and Berenstein defined a class of algebras that encom-
passes symmetrizable Kac-Moody Lie algebras and their quantum groups,
and rational Cherednik algebras. We now mention their connection to skew
group rings (so one may now try to apply their results in this setup).

Definition 2.4. A k-algebra A has triangular decomposition over a bialgebra
H', if A has distinguished subalgebras H’, U* such that

e H' acts covariantly from the left on U™, and from the right on U™;
e the multiplication map : U~ @ H'@U™ — A is a vector space isomor-
phism, that makes U~ ® H' and H' ® U™ isomorphic to the smash
products U~ x H' and H' x UT (by the above actions) respectively;
e there exist H'-equivariant (via the counit ¢) characters e* : U* — k.

Proposition 2.1. Skew group rings over HRTAs are examples of algebras
with triangular decomposition over H x T'.

Proof. Set UT = By and H' = H x I'. Moreover, define the two actions of
H xT (on all of A, in fact) to be: h>a := ad h(a), a<h :=ad S(h)(a). Since
By are direct sums of ad H-weight spaces, and closed under adI', hence
one can check that these are valid left and right H x I'-actions (note that
S? = id |, since H is commutative and I' is cocommutative). It is now
easy to verify the first two conditions. Finally, define the characters e to
have augmentations Ni. Over here, since H is a Hopf algebra, we have
0=¢:H — k (and € can be extended to H x I'). It is now easy to verify
that ¢* are H'-equivariant (via ¢), for we verify on each #-weight space, that

& (ad () (7)) = 8y ce (M) = ()= (ud). O

2.3. Examples.

(1) The degenerate example is that of an RTA A, where we take I' = 1.

(2) The wreath product S, A is defined to be A®" xS, = Sl A, where S,
is the group of permutations of {1,...,n}, and A is a (strict) (Hopf)
RTA. By [Kh2], A®™ is also a (strict) (Hopf) RTA, with simple roots
A =], A4, and weights G = G", P = P}, and so on.

Define f; : A — A®" C S, 1 A, sending a to the product of
12071 © q® 12"=) @ 1p; then the relations are s;; fi(a) = f;(a)si;,
where a € A, and s;; is the transposition that exchanges i and j.
Thus, 0(P;) = P,(), and 0(0 x \) = a(0) * o(\) V0 € P}, A € G}

Moreover, o(;) = ag(;), where o € S, a € A is a simple root,
and o; := f(a) : (Ho)i — k. (So 0(A;) = A,(;).) Finally, define

ad(h1 ® - ®@ hy ®0)(a1 ® -+ ® ay) 1= ®@;ad hj(ag-1(j))-

One checks that each Ad o acts by a Hopf algebra automorphism if
H (and hence H®") is a Hopf algebra. Thus, S, ! A satisfies all the
standing assumptions.
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(3) If A x T is a skew group ring over a (strict) (Hopf) RTA, then so is
A x T, for any subgroup IV of T.

(4) For any finite I', A ® kI is a skew group ring if A" = A.

(5) If A; x T'; are skew group rings that satisfy the above assumptions,
then we know by [Kh2], that A = ®;4; is an RTA, the set G of
weights is x;G;, and I' = x;I'; acts on A, via:

(717 v 7’Yn) : (al D an) = (’Yl(al) @ ®’Yn(an))’
One can check that A x I also satisfies all the assumptions above.
Finally, if H; is a Hopf algebra for all 4, then so is H = ®;H;.
If each Ad~y; acts as a Hopf algebra automorphism on A;, then the
same property holds for AdI" acting on A.

3. THE BERNSTEIN-GELFAND-GELFAND CATEGORY
We now introduce the main object of study in this article.

Definition 3.1. The BGG category O is the full subcategory of finitely gen-
erated H-semisimple A x I'-modules, with finite-dimensional weight spaces
and a locally finite action of By, i.e., Vm € M € O, dim(Bym) < oc.

Then O is closed under quotienting, and every object M in O has a locally
finite action of (H ® B4 ® kI'). Moreover, viewing each M € O as merely
an A-module, we can show the following lemma, since I" is finite.

Lemma 3.1. Suppose O4 is the Category O for |[I'| = 1. Then O = Oaxr
equals Ax T —Mod(Op:={M € AxT —Mod : Resy "' M € O4}.

Let us first show that complete reducibility for finite-dimensional A-
modules implies it for A x I-modules; the special case A = (Ug)®™", T = S,
was stated in Proposition [Tl above (but one can also state that result for
U,(g), for instance). We use the following general homological result.

Proposition 3.1. Given a finite group I' acting on an algebra R over a field
of characteristic zero, suppose P C R — Mod and D C (R xT') — Mod are
full abelian subcategories of finite-dimensional modules, with each D € D
satisfying: Resg>4F D e P. If P is a semisimple category, then so is D.

The second part of Proposition [l now follows, by setting P, D to be the
categories of finite dimensional A, A x I'- modules respectively. The first
part will be shown after Remark

Proof. 1t suffices to show that Homp (M, —) is exact for each object M of D
(since D is abelian, the long exact sequence of Extp’s vanishes). Since D is
also full, we use [Mad, Equation (A.1), Appendix], and compute:

r
HOmD(M, —) = HOIIlRNF(M7 —) = (HOHlR(ReSENF M, Resgxf‘ _))

By Maschke’s Theorem (over characteristic zero), taking I'-invariants is an

exact functor (since everything is finite-dimensional here), as is Res%>4F -
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D — P. By semisimplicity in the full subcategory P, Homp (Resgxr M, —)
is also exact. Thus their composite is exact as well. O

4. SUMMARY OF RESULTS
We now summarize our main results.

Standing Assumption 4.1. Suppose A; x I'; are skew group rings over
RTAs for 1 < i < n, each of which satisfies Standing Assumption 21l above.
Suppose also that each T'; preserves A; C (Go);, and that k is algebraically
closed if any I'; is nontrivial.

Then all this also holds for A x I', where A := ®;A; and I" := x;I';. Hence,
we will state results only for A x I' wherever possible, because it combines
all the functorial constructions above (see (ILIl)). One can thus use A as an
RTA or as ®;A;. To see the results for any of the “subcases”, take n = 1
(to study only Clifford theory), I" to be trivial (to study only RTAs), etc.

Let C be the category of finite-dimensional H-semisimple H x I"-modules,
and X the isomorphism classes of simple objects in C (so X = G if [I'| = 1).
Then

e ( is semisimple.
e X classifies the simple objects in O = O 441, and for each z € X,
there is a Verma module Z(x) € O with unique simple quotient V' (z).
e Given z, there is a ['-orbit A\, € G/I" (its “set of weights”), such that
— for each A € G, there exists at least one - and only finitely many
-z € X such that A € A,.
— (“Weyl Character Formula 17.) V(z) = @, Va(A\)® ™™ as
A-modules in O4, where V4 () is simple in O4.
— The center Z := 3(A x I') acts on a Verma or simple module
by a central character x, : Z — k.

Next, we define duality functors F' on the Harish-Chandra categories H
containing O and C, using the anti-involution ¢ on A and H respectively.

e F' is exact, contravariant, and involutive on C and H.

o F(V(x)) =V (F(x)).

e Simple modules V(x),V (z') have non-split extensions in O if and
only if they or V(F(2')),V(F(x)) are the first two Jordan-Holder
factors in a composition series for a Verma module.

For example, if |I'| = 1, then X = G and F(V (X)) Z V(\) YA € G.

Definition 4.1. Fix z € X.

(1) Define CC(x) = S*(z) to be {2’ € X : X0 = Xa}.

(2) Define S3(x) to be the symmetric and transitive (or equivalence)
closure of {z} in X, under the relations (a) x — 2’ if V(z) is a
subquotient of Z(z'), and (b) x —p 2’ if F(x) = 2.

(3) Define S’(x) to be the equivalence closure of {z} in X under only
the relation (a) above.
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(4) Define the following partial order on X: = < 2’ if © = 2/, or there
exist A € Ay, N € Ay, with (X)) € (Zxp) * m(N).

(5) Given S C X > x, define S<% := {s € S : s < 2} (and as a special
case, S if $ C G and || = 1). Similarly define S<* and S<*.

(6) S?(x) :={mr(\p) : 2’ € S3(x)}, SH(x) := {7r(\p) : 2’ € S3(x)=%}.

(7) AxT satisfies Condition (S1),(52),(S3), or (S4) if the corresponding
sets S™(x) are finite for all z € X.

(8) The block O(x) is the full subcategory of O, comprising all objects
in O, each of whose simple subquotients is in {V(z) : 2’ € S3(z)}.

(9) Given skew group rings A; x I'; over RTAs for 1 < i < n, each of
which satisfies Standing Assumption Bl above, define X; similar to
X, but over H; x I'; for all 7. Given \; € G; Vi, the simple objects
over A = (A1, ..., \,) in the four setups in (1) are, respectively,

A, {:EZ cX;,:\€ )\mi},)\, {X cX: e )\x} (4.1)

Remark 4.1.

(1) As we see below, X = x;X; here, so \x € xX;G; = G, as it should.

(2) That Verma modules Z(z) are indecomposable and have a unique
simple quotient V' (x), is related to the fact that Z(z) is the projective
cover of V(x) in a “truncated” subcategory of O. (See Lemma [TZ11)

(3) The relation between simple objects in the four setups for Category C
(and O) is expected from diagram (LZ), and “indicated” in ([{@TI). Its
analogue in O forms the “front face” of the “cube of simple objects”
below. We show later, that V(x) := ®;Vi(x;) € Oaxr. We now
state all this using diagrams; in them, “x” really is some sort of
induction, or an “inverse” to “restriction” (from A; x I'; to A;).

(4) The Conditions (S) are not uncommon: (S3) holds for complex
semisimple Lie algebras, (nontrivially deformed) infinitesimal Hecke
algebras, and both their quantum analogues (e.g., see the example
after Remark 22, [Khl, [Kh2l [GK] respectively).

Theorem 4.1. Fix 1 < m <4, and work in the above setup.
(2) Inside any such A x T, v(ST (X)) = ST (y(N)) YA e G,y €T.
(3) Given RTAs A; and A € Gi, ST(A1,. .. An) = X7 ().
Proposition 4.1.

(1) The following diagram of “posets of simple objects in O” commutes
(in the spirit of diagram (L2)) in between various C’s:

{¢;} —— (X3}
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(2) Moreover, given A\; € G; and x; € X; (for all i) such that \; € Ay,
the three constructions of ®;, F, and “x” form a commuting “cube
of simple objects” in various O’s:

{Vi()} . {Vi(F(2:))}
{Viu)} [ {Vi(zi)} ®
® V()\ ‘x‘ V(F(X))
P P
V() s V(x)

(3) The “corresponding” cube in between various C’s commutes.
(4) For all v € T',\; € Gy, and z; € X; with \; € Ay, Vi, the “Verma
cube” below, commutes (here, Z(x) := ®;Z;(x;)):

(Z(G0) e {Zim)) ()

® Z(y(N)) a Z(x)
7() ‘ y(-)=id
Z(\) a Z(x)

We also get a commuting cube by replacing all Z’s by V’s in part (4). Note
also that the poset structure on each set in part (1) is needed to prove that
the O’s are highest weight categories.

We now state our main theorems; the rest of this article is devoted to
proving them. Note that O is taken to mean the BGG Category in any of
the four setups. Finally, for an explicit statement of parts 1(b) and 1(c)
below, see Proposition 711

Theorem 4.2. Suppose the standing assumptions [{.1] above hold.

(1) Each of the following conditions holds in one setup (see (L)), if
and only if it holds in any of the other three:
(a) Finite-dimensional modules in O are completely reducible.
(b) For a fited A = (A1,..., \n) € X;Gy, V(x) is finite-dimensional
for any simple object x over M.
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(¢) For a fited A\ = (A1,...,A\n) € X;Gy, Z(x) has finite length for
any simple object x over A.
(d) O (equivalently, every Verma module Z(x)) is finite length.
(e) Any of Conditions (S1)-(S4) holds (for a fired 1 < n < 4); for
(S4), we also need that 3(A xT') = 3(A)F C A.
(2) We have the following sequence of implications of the Conditions
(S): (S3) = (52) = (S1); moreover, (S4) = (S3) if 3(AxT) C A.

Theorem 4.3. Suppose the standing assumptions [{.1] above hold.

(1) If A x T satisfies Condition (S1), then O is finite length, and hence
splits into a direct sum of abelian, finite length blocks O(x).

(2) If AxT satisfies Condition (S2), then each block has enough projec-
tives, each with a filtration whose subquotients are Verma modules.

(3) If A xT satisfies Condition (S3), then each block O(x) is a highest
weight category, equivalent to the category (Mod —B)¥9 of finitely
generated right modules over a finite-dimensional k-algebra B = B,,.

In the last part, moreover, many different notions of block decomposition
all coincide, and (a modified form of) BGG Reciprocity (see [BGG]) holds
in O with a symmetric (modified) Cartan matrix.

Remark 4.2. One can add other (equivalent) setups, for example A x I”,
where I is any finite group that acts “nicely” on A, B4, G, A.

Example: Suppose I' = S,, and A = (Ug)®" for a complex semisimple Lie
algebra g. Then the “dominant integral” x € X are precisely the simple
objects over the dominant integral weights (PEJr )" of g®". Every finite-
dimensional module is in O 4, and is completely reducible.

Theorem A.5 in [Mad explicitly describes each x € X (the construction
for V(x) is similar): choose a partition ny + --- + n; = n, and for each
J, pick Aj € b* pairwise distinct, and simple S, ,-modules N;. Then x =
Ind ®§»:1[((C>‘J')®"J' ®c N;], where one induces from ®§»:1(Snj L) to Sy, Lulb.

For example, fix any A € h*. The module corresponding to the partition
n = ny and the one-dimensional simple S,-module, is V(z) = V(\)®" (and
Sy, acts by permuting the factors). (This proves the first part of Proposition
LT, since the modules V' (A)®" have unequal formal characters for pairwise
distinct A.) More generally, V(\)®" ®¢ E is simple in O for any simple
Sp-module E.

Finally, all the Conditions (S) hold for ${g (and hence for A x S, by
above results). This is because by the theory of central characters and
Harish-Chandra’s theorem, S*(\) = Wy e X (so the strict HRTA $lg satisfies
Condition (S4)), where Wy is the (finite) Weyl group of g, and e its twisted
action. This also gives the usual and twisted actions of S,,? Wy on the set
of weights (h;)EB". The twisted action is “good”, since

(cw) e\ = (c(w)o)eX=c(wel)=c(w)ed(N)
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for all \ € (h;)EB",W € Wy, and 0 € S,. We now adapt the above results
here; note that Ry = S, ¢ Ug.

Proposition 4.2.

(1) Rg is of finite representation type.

(2) If O is the category of M € Ry — Mod such that Resng € Oy,
then O is a direct sum of subcategories O'(N\). For a given sum-
mand, the modules in it are of finite length, and all their simple
subquotients have highest weights only in Sn(WgL e \) for various
A€ := (b;)@"/(sn LWy, e).

(3) © is precisely the set of central characters of Ry, where Ry has center
(3(tug)®m)5n.

Proposition EETl and all the theorems in this section are proved in I below,
and Proposition is shown in Section [l

5. THE FIRST SETUP - SKEW GROUP RINGS

We start by relating O4 and O4xr. The first thing to do is to identify a
set which will characterize the simple objects in O «r.

Definition 5.1.

(1) Denote by I'y the set of singly generated I'-modules.

(2) Let C denote the abelian category of finite-dimensional H-semisimple
(H x I')-modules.

(3) Let Y denote the set of isomorphism classes of objects in C generated
by a weight vector vy (for some X\ € G).

(4) Let X C Y denote the isomorphism classes of simple objects in C.

If m € M is a weight vector in M € X simple, then
M= (H xT)m=kI'(k-m)

so that every M € X is of the form M = kI'/I for some ideal I (as I'-
modules). Now suppose M € Y; thus, M is of the form kI'/I. Note that
to fix an (H x I')-structure on the module involves fixing the weight vector
vy € kT'/I. This is equivalent to choosing which ideal J of kI' to quotient
out by, so that kI'/J = kI'/I € Ty (as I-modules). Hence,

Y ={(\,M,[J)): A€ G,M €T,kI'/J = M}, (5.1)

where J is assumed to be an ideal of kI', that annihilates vy. (We thus
map 1 — vy, and kill h — A(h) - 1 for all h € H.) Over here, we only take
isomorphism classes of ideals [J]. For example, if vy € M) generates M,
then so does yvy € M, (y).

Definition 5.2. )\, (for y € Y) is defined to be this A; or more precisely, A,
is the I'-orbit [A\] € G/I'. (However, we will abuse notation and say A = X\,
-or A=A, if y=2 € X - instead of A € \.)
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Remark 5.1. Note that given M € I'y, not all A € G occur in the set
of triples in Y (as the first coordinate). For example, if M is the trivial
representation of I', then v — 1 annihilates M for all v € T, so the only
permissible weights here are A\ € GT.

However, for all A € G, there exists y € Y such that A = )\,. For we
take the one-dimensional H-module k* = k - vy, where hvy = A(h)vy for
all h € H. We now induce this, to get M = Indgx'F k. Thus M = kI as
k-vector spaces, and (A, M,0) € Y.

Now consider the special case I' = 1; all objects in X are one-dimensional,
and X =Y = G = Homy_q4(H,k). These are the maximal vectors,
from which one induces Verma modules. Moreover, all objects in C are
H-semisimple. This last part is true in general:

Proposition 5.1. FEvery object of C is completely reducible.

Proof. Use Proposition BIlwith R = H, P the category of finite-dimensional
H-semisimple H-modules, and D = C as above. U

The following is the other main result of this section.

Theorem 5.1. For each \ € G, there exists one - and if k is algebraically
closed, only finitely many - x € X with A = \,.

Proof. We first show that the set is nonempty. Choose y € Y such that
A = Ay (by Remark B, and look at a composition series 0 C Ey C ...
(as above) for E = My, as (H x I')-modules. Then all subquotients are
H-semisimple, so by character theory, (F;+1/E;)x # 0 for some i. Then
A=Az, where z = E; 1 /E; € X.

If T is trivial, then so is the second part of the result. Now suppose that
IT'| > 1 and k is algebraically closed of characteristic zero. To show that
this set is finite, use [Mad, Theorem A.5], setting R = H. Now, the set of
subgroups of I is finite; hence so is the set {(I', M)}, where I is a subgroup
of T', and M is a simple I"-module (up to isomorphism).

The theorem now says that every simple H x I'-module is of the form
Indg:;(k)‘ ® (I")*) for some simple H-module k* and simple I"-module
(I")*, where I" fixes X\. (Note that since we are only concerned here with
finite-dimensional representations, a simple H-module is one-dimensional by
Lie’s theorem; we denote it by k* as above.) The structure is given here by

(h®@7)(vy ®wy) =hy-vy®v-w, =Ah) -qvy @yw, YVh € H, Vy eI’
(where we fix a group action : I" — Auty(k*)). Fixing A and ~, the set of

(T, p)’s is finite, hence we are done. O

6. VERMA AND STANDARD MODULES

Unless otherwise specified, the functor Ind denotes Ind?;;; By )T hence-
forth. Given a finite-dimensional (H ® By) x I'module E, we can define

the induced module Ind F € O. Given a finite-dimensional (H x I')-module
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E, we also define the (universal) standard module A(E) as follows: we first
give E an (H ® By) x I-module structure, by

(h@ny ®@y)e=0, (h@1®7y)e=hye

for each h € H, v €T, e € F, and ni € Ny. Now define the induced
module A(E), to be A(F) = Ind E. The following properties are standard.

Proposition 6.1. Suppose E is a finite-dimensional (H @ B4 ) x I'-module.

(1) Ind E = B_ ® E, as free B_-modules.

(2) If E has a basis of weight vectors, then chypgp = chp_ chpg.

(3) If E' C E is an (H ® By) xT'-submodule and E is H-semisimple (as
above), then Ind(E/E") =2 Ind E/Ind E'.

We now recall a few concepts from [Kh2]:

(1) Go has a partial ordering (via the base of simple roots A): pu < X if
and only if there exists 6y € Z>oA such that 8y u = A. This induces
a partial order on G: A > pif A= p in G, or 7(A) > 7(p) in Go.
(2) The formal character of M € O is chpy := )y (dimy My )e(N).
(Note that Proposition used the latter notion.) We now relate the I'-
action to the partial ordering.

Standing Assumption 6.1. Henceforth, I" acts by order-preserving trans-
formations on Gy. In other words, u < A = vy(u) < ~v(A) Vy eT.

Remark 6.1. For instance, if ' = 1, or I' = 5,, and A x I' is the wreath
product S, ! A, then this assumption holds. It also clearly holds when
A % T is built up from subalgebras A; x I'; (as discussed above), and each
I'; preserves A; C (G;)o. Moreover, this assumption is reasonable, as the
subsequent lemma shows.

Lemma 6.1. Suppose a set Gy contains a free abelian group (denoted by
ZAg = @aer Za) with a free action x on Gy, that restricts to addition on
ZAy. Define a partial order on Gy by: X > p if and only if X € (Zx0Ao) * 1.
Suppose also that a group I'g acts on Gy, preserving ZAg and the action *.
(1) The following are equivalent, for a given v € I'y:
(a) vF(a) € Ag for all a € Ay.
(b) For each a € Ay, there exists n, € N, so that Y= (naa) > 0.
(c) If a € Ag then v (a) > 0.
(d) If A > 0 then 41 ()\) > 0.
(e) 7,7~ ! act on Gg by order-preserving automorphisms.
(2) If the conditions in the first part are satisfied, and ~y has finite order
in Lo, then y(\) £ X for all X € Gy.
(3) Under the assumptions of Standing Assumption[Z, if for all « € A,
there exists ng € N with (B1)p,a # 0, then the first part holds for
Go=G,Tg=T,A¢0=A.

Note that we do not need Ag or I'g to be finite in this result.
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Proof.
(1) The cyclic chain of implications is easy to prove.
(2) If y(X\) < A for some A, 7, then 4*T1()\) < 4%()\) Vi, by the previous
part. Hence if ¥ = 1 in I'; then we get a contradiction:

A=7"N) <" ) <o <y(N) < A

(3) For v € T'A € G, v : Ax — Ay by Lemma Tl (since A is
an ad H-module). In particular, 0 # Y((B+)naa) C Aynaa) N Bt
(by assumption) = (By)y(n.a)- (This makes use of the fact that
vom =mo~on G.) Hence y(nqa) > 0 Vo, v; now use the first part.

O

We now introduce the following notation: for y € Y, we write y =
(Ay, My, Jy) (see equation (BJJ)). This representation of y may not be
unique, e.g., under the action of I'. We also define Verma modules to be
Z(y) = A(My), for y € Y. The next result is standard; the first part uses
Standing Assumption [l via (the second part of) Lemma 611

Proposition 6.2.
(1) Ify € Y and (My)x # 0, then (Z(y))r = (My)x, where X = A,.
(2) If x € X, then Z(x) has a unique simple quotient V (x). Its “highest
weight” vectors also span My (as is true in Z(x)).
(3) Z(x) is indecomposable for x € X.

We next turn to standard cyclic modules, namely, modules generated by
a single mazimal (i.e., in ker Ny) weight vector.

Definition 6.1.

(1) A standard cyclic module is a quotient of A(M,) for y € Y.

(2) A module M has an SC-filtration or a p-filtration (denoted by M €
F(A); see [BGG]) if it has a finite filtration whose successive quo-
tients are standard cyclic or Verma modules, respectively.

(3) A module M has a simple Verma flag if it has a p-filtration by Verma
modules {Z(z) : x € X}.

(4) We define a relation on Y: we say y <y if and only if A\, < v(\))
in G for some v € T, or else y = ¢/

Proposition 6.3.
(1) < is a partial order on'Y .
(2) If E is any finite-dimensional H-semisimple (H @ By) x I'-module,
then Ind E' has a simple Verma flag.

Proof.
(1) fy <9 and ¢ <y, then y =y by Lemma G}
(2) Look at a composition series for FinC,say 0 C By C --- C B, = E,
with E;y1/E; = M,, for some x; € X. Using formal characters, we
can rearrange the E;’s (see [BGG]), such that z; > z; =i < j.
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Character theory now shows that this “rearranged” filtration is
a chain of (H ® B4) x I'-modules. But then 0 C IndEy C -+ C
Ind E,, = Ind E is a simple Verma flag for Ind F, by the exactness of
Ind (from Proposition B above).

O

7. SIMPLE MODULES

We now classify all simple modules in O, as well as those of them which are
finite-dimensional. We assume that we have classified all finite-dimensional
simple A-modules V4(A) € O4. (Note, as in [Khi], that if k is algebraically
closed, then all finite-dimensional simple A-modules are in O 4, and hence
are of the form V4 () for some A.) The following is trivial.

Lemma 7.1. Given M € O, a weight vector v € M is maximal, if and only
if so is yv for any v € I.

Proposition 7.1 (“Weyl Character Formula 17). Fiz x € X, and consider
M, C V(x). Then B_v, = Va(u) for all weight vectors v, € M,, and
left-multiplication by v is a vector space isomorphism : Va(p) — Va(y(p)).
Thus, chy, () = v(chy, ) for all v, p.

Moreover, if {vivx, : 1 < i < n} is a weight basis of M, then V(z) =
D Va(rvi(Ae)) as A-modules. In particular, chy gy = > i1 chy, (4, (0)) -

Proof. We first note that if B_v, = Va(u) for all v, € M,, then yB_v, =
yB_~y~1 - qv, = B_vv,, and this must equal V4(y(x)) (it is simple because
any maximal vector in yV4(u) must come from one in V4(p)). Thus the
second part follows from the first (and holds for every pu, since each p is of
the form A, for some x € X, from above results).

Observe that v,, is maximal, being in M, hence B_v,, is a standard cyclic
module in O 4. We claim that it is simple. Suppose not. Then there exists
a maximal vector b_v, € B_v,, of weight v < u, say. We now claim that
V=3 By (b-vy) = > vB_(b-v,) is a (nonzero) proper (A x I')-
submodule of V() (which is a contradiction). For since the yb_v,’s have
weights v(v) < v(u) respectively, are maximal vectors by Lemma [l and
generate V', hence v, ¢ V by Lemma Thus B_v, = Va(u), as claimed.

Finally, if {y;v),} is a basis of M,, then

V(w) = B-M, = B_(k[-vy,) = 3 Byion, = Va(u())

Now, vi(vx,) ¢ V' =37, Va(vi(As)), so Va(vi(Az)) N V! = 0. Hence the
above sum of simple A-modules is direct; now use character theory. O

Remark 7.1. The same results hold if we replace simple modules by Verma
modules, i.e., z € X by y € Y, V’s by Z’s, and V4’s by Z4’s respectively
(using the proof of Proposition Bl). Moreover, we claim that the length
la(Za(~(X))) (if finite) is independent of v, for any A € G. For, choose any
x € X such that A\, = \; then B_yu) = Z4(vy()\)) as A-modules, for all ~.
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Moreover, v : Za(A) — Za(v())) takes maximal vectors to maximal vectors,
so it preserves the length of any filtration.

Corollary 7.1. Suppose VA(\) is finite-dimensional. Then so is Va(y(X))
for all v, and the dimension is independent of ~v. Moreover, dimV (z) =
dim M, - dim V4 (), if A = A,

Proof. For all p € G, ~v: Va(u) — Va(vy(n)) is a vector space isomorphism
(as A-submodules of some V' (z)), by Theorem B.Jl and Proposition [[Jl The
next part is also clear by Proposition [Zl O

All these facts come together in proving

Theorem 7.1.

(1) Ewvery simple module in O is of the form V(x) for some x € X.

(2) Given x € X, the simple module V (x) is finite-dimensional if and
only if Va(Ay) is finite-dimensional.

(3) Given x € X, the Verma module Z(x) is of finite length, if and only
if Za(Ag) € Oy is.

Proof.

(1) This is standard from the previous section, say.
(2) If V(z) is finite-dimensional, then so is its A;-submodule V4(A;) (by
Proposition [l). The converse follows from Corollary [Tl
(3) If each Z4(\;) € Oy has finite length, then by Remark [Tl Z(x)
has finite length as an A-module - hence also as an A x I"-module.
Conversely, if [4xr(Z(x)) < oo, then I4(Z(x)) < oo, since by Propo-
sition [ZT1, 14(V (2')) < oo Va/. Now use Remark [l again.
O

Corollary 7.2. If k is algebraically closed, then every finite-dimensional
simple A x T'-module V is of the form V(z) € O for some x € X.

8. DuALITY

We now introduce the duality functor, that helps obtain information
about the Ext-quiver in O (and its relation to the partial order on the
simple objects). We first make a general definition. Suppose we have a
k-algebra A’, satisfying the following:

There exists an anti-involution 7 : A’ — A’ that fixes a subalgebra H' C A’.

Definition 8.1.

(1) The Harish-Chandra category H' = Har g over (A’ H') consists of
all A’-modules M with a simultaneous weight space decomposition
for H', and finite-dimensional weight spaces.

(2) The duality functor F : H' — H’ is defined as follows: F'(M) is the
span of all H'-weight vectors in M* = Homy (M, k). It is a module
under: (a'm*,m) = (m*,i(a’)m) for o’ € A',m € M,m* € F(M).
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Remark 8.1. One can then show [Khil, Propositions 1,2] (except for part
2 of Proposition (2.2)):

Proposition 8.1. F is exact, contravariant, and preserves lengths and for-
mal characters. Moreover, F(F(M)) = M for all M € H'.

8.1. Functoriality. Now suppose we have algebras A’ > A” D> H’', with
ia/lan = iar. We then have the duality functors F’, F” on the Harish-
Chandra categories H' = H s g, H” = Har g respectively, and the forget-
ful functor id’ : H" — H". The following is easy to prove.

Lemma 8.1. F" oid' =id' oF’ on H'.

8.2. Application to the BGG Category. Note that A x I' has an anti-
involution 4 = i 4 ®ir by the standing assumptions. This enables us to define
the duality functor F': O — O% C H, as in [Khi]. Now, F' permutes the set
of simple objects, so F'(V(z)) is also a simple object in H = Haxr, g. More-
over, I' acts on formal characters (i.e., on Z[G]): if e(\) € Z[G] corresponds
to A € G, then v(e(N\)) = e(y(N)).

We now put A’ = H xI" and H' = H. Then the analogous results hold,
and we get a duality functor on Hpgxr, that restricts to one on C as well.
In particular, F' permutes the set of simple objects, i.e., F: X — X. For
example, if ' = 1, then F(A\) = A € G, since each z € X = G is then
one-dimensional.

The following result relates the dualities in C and O, and generalizes part
2 of [Khll Proposition 2.2].

Proposition 8.2. For all x € X, we have F(V(z)) = V(F(x)).

Proof. We know that F(V(x)) is a simple module in H with the same formal
character as V(z). It thus has a weight vector of maximal weight, which
generates the entire module, since it is simple. Thus F(V(z)) € O, whence
it is of the form V' (z’) from above. We claim that ' = F(x).

To see this, apply Lemma Rl setting A’ = AxT,A”=H xT',H = H.
The “highest” set of weight spaces in V(x) is the H x I'-module M,, and
F" sends it to Mp(y); now by Lemma Rl F(V(z)) = V(F(x)). O

We conclude with a standard variant of Schur’s Lemma, in addition to
dualizing the fact that V (x) is the unique simple quotient of Z(x).

Proposition 8.3.

(1) For all x € X, F(Z(x)) has socle V(F(x)).
(2) Given z,2' € X,

Hom axr(Z(z), F(Z(F(2')))) = Homaxr(Z(x), V(2"))
HOIH (H®B4) NF(Z(JL'),M == HOIH(H®B+)>4F(V(IL'),M93/)

Homgep, )xr( xaMm’) Hom g, )wr (Mg, V("))
= HOIHAXIF(V( ), (l‘/)) /EHdHNF(M)

~—

’
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where each M, is killed by Ny, and M — M, for M = Z(x),V (z),
with kernel(s) ©<y(n,)My-

(3) dimy End(M,) = dimy, End(Mp(,)) Vo € X.

(4) If k is algebraically closed when |I'| > 1, then M,V (x), and Z(x)
are Schurian, i.e., the only module endomorphisms are scalars.

We merely remark that in the second part, the first equality is standard.
Moreover, for all terms but the first and the last, all Hom-groups are clearly
zero unless x = 2/, in which case, we produce a cyclic chain of maps @B :
A(x) — B(a'), that compose to give the identity:

$Yzv = PzZzM 2 PVM 2 PMM P PMV 2 QVY I @z

9. HOMOLOGICAL PROPERTIES

In this section, we show some results that are needed in later sections.

9.1. Every object has a good filtration. We now show that every mod-
ule in O has a filtration with standard cyclic subquotients. As in [Khi], we
need more notation.

Definition 9.1.
(1) Define ht : ZA — Z, via: ht (ZaeA naa) =Y 4 Na-
(2) Given I € Zxo, define By := 3y +(9)>1(B+)e in By for all [ € N.
(3) Given A € G and [ € N, define the subcategory O(\, 1) to be the full
subcategory of all M € O such that By, - kI' - M) = 0.
(4) Given y € Y, define the module

P(y,1) = (AxT)/(Byi, Jy),

where y = (X, My, [J,]), and we identify 1 with the generator v,
(by choice of [J,]), as in equation (B)). (Thus h — Ay(h) -1 € J, for
all h e H.)

(5) Define I,,; to be the left ideal of (the k-algebra) (H @ By) x I' gen-
erated by By and Jy, and set E,; := ((H ® By) xI')/1,,;.

Thus, IndE,; = B_® E,; = (AxT)/((AxT)I,;) = P(y,l); in particular,
P(y,l) € O. In fact, by considering the formal character of E,;, P(y,l) €
O(Ay,m) Ym > 1,y € Y; moreover, P(y,l +1) - P(y,l) Yy, L.

Note that kI' -1 = M, C E,;. Since E,; = B, M, is a finite-dimensional
H-semisimple (H ® B ) x I'-module, hence this is similar to a construction
in [BGG], and by the above results, P(y,!) has a simple Verma flag, with a
“suitable arrangement” of composition factors, by the proof of Proposition
above. In fact, for all [, one of the terms in the Verma flag for P(z,!)
is Z(z), and by inspecting the formal character of E,; (or its direct sum
decomposition as a H x I-module), we find that all other terms are of
the form Z(2') for 2/ > z. For example, if | = 1, then B4y = Ny, so

P(y,1) = Z(y).
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We now analyze singly-generated modules in O, and then all modules. If
N = (A x T")vy, for some (not necessarily maximal) weight vector vy, then
N = B_By(kI'vy), where we note that kI'vy = M,, say, for some y € Y.
Since N € O, hence By (kI'vy) is finite-dimensional, so that P(y,l) - N =
(A x Ty, for all I > 0. In fact, we have:

Proposition 9.1.

(1) For alll >0, By is a two-sided ideal of By with finite codimension,

that is stable under the I'-action.
(2) If N € O(\1) and A = Ny, then

Homo(P(y,1), N) = Homp wr(M,, kL' - Ny,).
(3) P(y,1) is projective in O(Ay,1) for ally € Y, | € N.
(4) If N € H, then the following are equivalent:

(a) N eO.

(b) N is a quotient of a (finite) direct sum of P(y;,l;)’s.

(¢) N has an SC-filtration, with subquotients of the form Z(x) —
V-0, withe € X.

Proof.

(1) Two-sidedness follows from (RTAT), and finite codimention from
(RTA6). Next, if b € By is a weight vector of weight A, then
ht A > [. But then by Lemma B, hty(\) > I, whence v(b) € By;.

(2) This is as in [BGG] (or also [Khil, Proposition 5]).

(3) This follows from the previous part and Proposition Bl above.

(4) This is proved as in [Khil Proposition 7].

A standard consequence is

Proposition 9.2. The following are equivalent:
(1) Za(A) has finite length for all X.
(2) Z(x) has finite length (as an A x T-module) for all x € X.
(3) Z(y) has finite length for ally € Y.
(4) O4 tis finite length.
(5) Oaxr is finite length.

9.2. Extensions between simple objects. We now obtain information
about the Ext-quiver in O. Recall the partial ordering on Y, namely: y < 1/
if and only if A\, < 7()\y) for some v € T', or y = yy’. We also define Y (x)
(for any x) to be the unique maximal submodule of Z(z). We now imitate
a result in [Kh2]; the proof is similar to that of [Khll, Proposition 4, part 2].

Proposition 9.3. E,, = Extb(V(x),V(2')) is nonzero if and only if
(x> 2" and) Y (x) - V(2'), or (2’ > x and) Y (F(2')) - V(F(x)).
Moreover, E; o1 = Ep(y p(r) 5 finite-dimensional.

We now show our first block decomposition - though not for O. The

proof uses Proposition and an argument similar to [Khll Theorem 4];
each “finite length block” is clearly self-dual.
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Proposition 9.4. Define Oy to be the full subcategory of all finite length ob-
jgects in O. The sum ) 5 (O(x) N O) of distinct subcategories (of all finite
length objects in O(x)) is direct, and equals all of On. Fach “finite length
block” is abelian, (finite length,) self-dual, and closed under morphisms and
extensions (in Oy). All morphisms and extensions between distinct blocks
are trivial.

10. THE CONDITIONS (S)

Proposition 10.1. Fixy € Y,u € G. The following are equivalent:

(1) [Za(v(Ny)) : V()] > O for some vy €T
(2) There exists x € X so that \y = p and [Z(y) : V(x)] > 0.

For this result (and also later), we need the following lemma.

Lemma 10.1. For any ring R, every simple (sub)quotient of a direct sum
of R-modules, is automatically a simple (sub)quotient of some summand.

Proof of the proposition. First assume that (1) holds; then there is a b_ €
B_ with b_w,(,) = wy, where w,(, ), w, are maximal weight vectors of
appropriate weights. Now assume v, is maximal in Z(y). Then we claim
that vy, ;= b_~yv,, is maximal in Z(y); this is because B_-yvy, = Za(v(A\y))
as A-modules.

Let us now write kI' - v, as a direct sum of simple (H ® B) x I'-modules,
by results above. If M, is any simple summand, then we see that V() is a
subquotient of Z(y), with A, = p; thus, (2) follows.

Conversely, assume (2). Given a weight basis B of M, C Z(y), we have
Z(y) = @, B-v as A-modules (from Remark [ZTl), with each summand a
Verma module for A. Soif [Z(y) : V(x)] > 0, then as A-modules, V4(A;) is a
simple subquotient of Z(y). By LemmalllLl V4(\;) is a simple subquotient
of some B_wv, hence of Z4(y()\,)) for some ~. O

Next, recall the definition of S™(\) = S%(\), S™(z), for A € G and z € =
(see Definition EZTl). We now relate the Conditions (S) for A and A x T

Proposition 10.2. Define Sp(z) := {2’ € X : Ay = v(u) for some v €
L€ S5(M)}. Now given all A € G,y € T,z € X, we have:
(1) v(S%(A) = Sa(v(A)) forn=1,2,3.
(2) The map wt: X — G/I', sending x — X\, satisfies:
U S3) = Sr(z) = wt™ 1 (T(S4(N)) Vo € wt (). (10.1)
wt(z)=\
(3) Forn=1,2, and any A € G,
U s"@)=1(s500). (10.2)
wt(z)=A

Note that in both equations, only the left-hand side (supposedly) depends
on the specific A inside an “S™-set”.
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Proof.

(1) We first show that y takes “edges” in S5 () to “edges” in S3(y(N)).
Take any y € Y such that A = A, (such a y exists, by Remark
BE.T). Now consider the Verma module Z(y). For all v,y ) =qvy, €
M,, we have the A-Verma module Z4(y(A\y)) = B-vy(,). Now use
Remark [Tl to observe that V4(u) is a subquotient of Z4(\) C Z(y)
if and only if V4(y(p)) is a subquotient of Z4(y(\)). (We note that
vy € Za(A) is maximal if and only if so is yv,, by Lemma [Z11)

The proof is similar if [Z4(u) : V4(A)] > 0: start with y € Y so
that u = A\,. Applying transitivity, we conclude that v(S%(\)) C
S3(v(N)). Replacing v by v~! and A = A\, by v(\), we get:

SA(N) =771 ((SA)) € 4 THSA(V)) € SA( I (V) = SA().

This proves the result for (S3). The other two subparts now follow,
by using this subpart and Lemma BTt

YSAN) = (SN = m(¥(SE(N)) = 7(SE(v(N)) = SA(v(N)),
Y(SAA) = A(SANY) = SNV = Sh(v(M).

(2) We show this in two parts.

(a) It is clear that wt=1(S3(A\)) = Sr(z) if A\, = \. Next, if A, €

['(A), then we claim that S3(z) C wt=1(T'(S%(N\))):
First, Apz) = Ao € S%(Xe) Va. Next, if [Z(z) : V(2/)] > 0,
then using the structure of V(z'), Z(z), we see that V4 ()\,/) is a
subquotient of a direct sum of some Z4(vy(Az))’s. By the previ-
ous part, Lemma [T}, and Proposition M, A,» € S (v(A;)) =
(53 (Az)). Hence A,r € T'(S%()\z)), and by symmetry and tran-
sitivity, the claim is proved.

(b) We now show that wt~1(I'(S3(\))) C Uwt(z)=a S3(z). Re-
call the graph structure on G, under which S%()) is a con-
nected component. We now prove this inclusion by induction
on d(—, \), where d(—, —) is the graph distance function (and X
is the distinguished weight in the statement).

In what follows, \; will denote some element of S%()) such
that d(A\x,A) = k > 0. (This is well-defined, since vy : S3(\) —
S3(v(\)) “takes edges to edges” by the previous part.)

The result is clear for k = 0, since A\g = A. Now suppose that
it holds for all Ay (for some fixed k > 0). Given A1 € S3(N),
we know there exists a A\, connected to it by an edge. Suppose
[Z(Ag+1) @ V(Ag)] > 0 (the proof of the other case is simi-
lar). Choose any z,1 € wt~'(\s41); then by Proposition [T,
there exists z € wt~1(\z) C Ust(z)=a S3(z) (by the induc-
tion hypothesis), such that [Z(xgs1) @ V(zr)] > 0. But then
Tyl € th(x):)\ S3(x) as well, and we are done by induction.
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(3) By equation ([[)), U, (s)=x wt(53(z)) = T'(5%())). To prove equa-
tion ([IL2) for n = 2, apply 7 to both sides and use Lemma ZI1 To
prove the equation for n = 1, first intersect both sides with G=*,
and then apply m. We are then done, if we note that

U S*@**= | @)=
wt(z)=

wt(z)=\ A

O

We now collect our results relating the Conditions (S) for A and A x T

Theorem 10.1. Suppose A x I is a skew group ring over an RTA.

(1) The various Conditions (S) satisfy: (S3) = (52) = (S1).

(2) Suppose k is algebraically closed whenever |I'| > 1. Then A x T
satisfies each of the Conditions (S1),(52),(53), if and only if A does.

(3) If Condition (S1) holds, then O is finite length.

(4) If O is finite length, then it splits into a direct sum of blocks.

Note that semisimple Lie algebras and quantum groups satisfy Condition
(S4) (as seen earlier), hence all the Conditions (S) as well - and hence if k
is algebraically closed of characteristic zero, then their wreath products also
satisfy all the Conditions (S). (We relate Condition (S4) across the various
setups, in Section [[])

Proof. The first part is by definition, and the last part follows from Propo-
sition The second part follows from equations (1)) and ([[Z), and
Theorem Bl because (if k is algebraically closed,) wt is a finite-to-one map.

We now abuse notation (using the freeness of the action ) to write \—\ =
6 when 0 x \' = X, and use that 7 intertwines the *-actions on G' and Gy,.
Now given = € X, a submodule (or a maximal vector) in Z(x) of restricted
highest weight \o(# 7(7(Az))) € Go occurs only if A\g = m(\,/) for some
o' < in S3(x). This yields:

laxr(Z(z)) < Z P(Ao = (M),

AeSt(x)

where p is the Kostant partition function : G — Zxp, defined by p(6) =
dimg(B-)p. But this summation is a finite sum by assumption, and each
summand is finite by regularity of A; now use Proposition O

11. CENTRAL CHARACTERS

Next, we discuss the notion of central characters, as in [BGG] - but over
skew group rings now. All but the last subsection are general; the last
focusses on Ry = S, 1 Ug.
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11.1. Central characters for skew group rings. We start with a few
definitions. Given a skew group ring A x I' over an RTA A (satisfying
Standing Assumptions 2], B1I), recall the triangular decomposition A 2
B_® H ® B, the augmentation ideals Ny of By, and the (possibly infinite)
sets S3(A) for each A € G, defined above.

Definition 11.1. To start with, denote the center of A x I by Z.

(1) The Harish-Chandra projection is £ := ¢~ ®id®et : A=B_ Q@ H®
B, — H (see Proposition ZZTI).

(2) Given X € G, the subgroups I'*, S5O of T are defined to be: I =

3

{(yeT:y(\) =)}, IS0 .= Npess oy T

(3) Given X € G, the central character x) is the map : A x I' — kI,
defined as follows: given r =) a,y with a, € A, define x(r) :=

2 ver AE(ay))y-

This definition is motivated by the fact that in [BGG] (where |I'| = 1),
the center acts via such characters on (maximal vectors in) objects in O.

vel

Lemma 11.1. If vy is a maximal vector (i.e., Nyvy = 0) of weight A in
any A x T'-module M, then zvy = xx(2)vy in M, for all z = ZV 2y i 2.

Proof. Since each vy is maximal, hence writing z, = n, ® by @ {(2y) (with
n, € ANy, by € N_H), we get that n, kills yvy, and byyvy has no A-weight
component, by Lemma [G1l Hence:

s = Y ey = A EED) s,
~el ~el

This is because if vy € M) for any A x I'-module M, then we claim that
zvy € My as well: for any h € H, we have h-zvy = z-hvy = A(h)zvy. Thus,
the above summation only runs over v € I'*, so we have

2u\ = Z A(&(2y))yun = xa(2)va- (11.1)

yerx

O

We now explore properties of central characters. The first result is that
they are compatible with the I'-action, in the following sense:

Proposition 11.1. Givenr € Ax T, A€ G,6 € I', we have
X0y (1) = Bxa (B (r)B~ "
Proof. Suppose r = EyeF a~7y, with a, € A V. Then

Xson(r) = D (B Elay)y= D (NEB(a)),

~eTB ) yeTBRN)
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where the second equality holds because y(£(a)) = &(v(a)) for alla € A,y €
I’ (since Ad~ preserves Ni). Therefore

BT = [ DB ey BB = D AMEB (@) 8

V€L B 1yBer?
=671 Y MEB M)y B =6 e ()8
~eTB )
using the above equation. O

Next, we show that at least on the center, central characters have very
few nonzero components:

Proposition 11.2. Fiz A € G. If~ ¢ 52| and 2 = Doy 2y s any
central element, then A\(£(zy)) = 0.

Proof. Consider equation ([[ITl), with kI' - vy = M,, where y = IndgmF kN
thus dimgy = |T']. If [Za(N) : Va(p)] > 0 for some p € G, then there is
a maximal vector v, = buy in Z(y) = (A x I')vy, for some weight vector
b€ N_ (e.g., by Proposition [[1]). We now compute using equation ([[IT]),
for each z € Z:

Z A(&(29))b - yun = bzvy = 2v, = Z 1(&(24))y(D) - yua. (11.2)

~EDX yel'#

By the triangular decomposition, the coefficient of yvy vanishes if v ¢ I'"*NI'*
(or v(b) ¢ k*b). Now apply symmetry and transitivity to get the result. O

The above proof does not use the information about v(b) ¢ k*b; however,
we will use it presently.

The main result in this subsection relates central characters to simple
subquotients of Verma modules.

Theorem 11.1. Z = 3(A xI') as above.

(1) For all A € G, x is an algebra map : Z — kT.
(2) To each A\ € G is associated a subgroup 'y of Fsz()‘), such that
® XA(2) = Xer, AE(2)y V2 =30 2y € Z;
o Iy =T, if ueS(\); and
e given 1 € S3(N), xa and x, are related (on Z) via a character
Orp of Ta: ME&(2y)) = Oru(V)p(€(2y)) Vy €N, 2 € Z.

Proof. To show the first part, choose any 2,2’ € Z and y = IndgmF k.
Then in the Verma module Z(y) = (A x I')vy, by Lemma [T

XA (22 ) ua = xa(2'2)ua = 220y = 2 xa(2)va = xa(2) - 2'oa = xa(2)xa (2o,

because 2’ is central. The statement now follows, since y is the regular
representation of I' (as a [-module).
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For the second part, we continue beyond the proof of Proposition
Thus, xa(z) = Z«,ersim A(&(2y))7, and the “improved” equation (T2
suggests that A\({(zy)) = 0if v(b) ¢ k*b. Moreover, A({(z,)) = 0 if and only
if u(&(2y)) = 0. Now denote I'y ,, := {7y € 550 : 4(b) € k*b for all b such
that buy € Z(y), is maximal}, and 'y := (NI, ,» for each v/ > v in S (\)
with [Za (V') : Va(v")] > 0 (though a more suitable name would be I' S3(\)-
The first two sub-parts are now obvious, and by transitivity in Si()\), it
suffices to show the last sub-part when [Z4(X) : Va(p)] > 0. But since 'y
acts on k* - b, this yields a character 6 , of I'y; now look at equation (TT.2)
again, and we are done. O

Corollary 11.1. If A € GY, then x, is an algebra map : Z — 3(kI).
Proof. Use Proposition [[T.1] and the first part of Theorem [Tl O

11.2. Another block decomposition. We now show a block decomposi-
tion of O using central characters, under some extra assumptions.

Theorem 11.2.

(1) Suppose k is algebraically closed if |I'| > 1. Then Z acts on Verma
modules Z(x) (for x € X ) via a central character, i.e., an algebra
map : Z — k, say Xz- Then Xz = XA, = X(r,) On ZNAVy €T

(2) Now suppose that Z acts on every Z(x) via an algebra map 0, : Z —
k. Then O = @, g O(v), where v runs over all distinct elements
from among {6, : * € X} C Homy_q4(Z, k) (call this set ©), and
O(v) is the full subcategory {M € O : VYm € M,z € Z, In €
N such that (z — v(z))" - m = 0}.

Proof. The first part follows from Propositions and [Tl since M, (C
Z(x)) is Schurian and any z € Z is an endomorphism of M,,. For the second
part, we use the following result:

Lemma 11.2. Givenv # v in©, M € O(V), and z ¢ ker(v —1'), the map
p:=z—v(z) is an A x T'-module isomorphism on M.

To see why, note that ¢ = ¢+ s, where s = z — 1/(2) is locally nilpotent on
M, and ¢ = V/(z) — v(z) € k*. Hence ¢ is invertible.

Given M € O, Proposition @] implies (together with the first part) that
there exist v; € © and n; € N such that [[7_,(z — v4(2))™ kills all of M,
for all z € Z. Now define M(v) :== {m € M : Vz € Z,In € N such
that (z — v(2))"m = 0}. Then this is an A x I'-submodule. Using Lemma
[[T2 it is easy to see that each O(v) is closed in A x I' — Mod under taking
submodules, quotients, and extensions, and all maps between distinct blocks
are trivial. So if we show that M = @, M (v), then each M (v) is a quotient
of M € O, hence also in O, hence in O(v), and we will be done. To do this,
we need the following standard lemma from commutative algebra.
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Lemma 11.3. If {m; : 1 <i < s} are distinct maximal ideals in Z for some
n
s>1, then ), (Hj#mj) =7 foralln > 1.

n
Use the lemma to write 1 € Z as 1 = Y7 7, with r; € (H#i ker Vj)
and n = max; n; (s,v;,n; as above). Then any m € M equals ), r;m, with
rim € M (v;). This shows that M is the sum of its components.

Finally, this sum is direct, for suppose 22:1 m; = 0 for some [ > 1, with
m; € M(v;) for each i. If i < [, pick z; ¢ ker(v; — 1), and n; € N such that

(zi — vi(2:))™ kills m;. Then [], (2 — vi(2z:))™ kills mq, ..., my_1, whereas
by Lemma [[T7 it is an isomorphism on (A xI")m; C M (v;). Hence m; = 0,
and by induction on [, the other m;’s vanish as well. O

11.3. The Conditions (S), linking, and central characters. We now
describe and relate different types of block decompositions. We need some
definitions. We note that is possible to obtain a block decomposition of O
using any of these sets.

Definition 11.2.

(1) Define CC(x) = S*(x) to be the set of simple objects {2’ € X :
Xz = X:c}'

(2) Condition (S4) holds for A x T, if all sets S*(z) are finite.

(3) We say that two indecomposable A-modules M, N are linked if
Hom g5 (M, N) # 0. Let the equivalence closure of M under such a
relation be denoted by [M].

(4) Define T'(x) to be the equivalence closure of x in X, under the rela-
tions: & — F(z) and z — 2 if V(2') € [V (x)].

(Note that we need the “intermediate modules” between linked modules
to be indecomposable, otherwise any two modules are linked via: M —
M&N — N.) Also recall Sp(z), wt from Proposition [IA We now compare
these sets, and also mention a sufficient condition when the center is “nice”
(this does indeed hold for wreath products).

Proposition 11.3.

(1) Given a skew group ring AX T, and A € G,y €T,
HCCaN) = 7(S4(N) = S4(v(N) = CCaly(N)-
(2) 3(AxT)NA=3(A)", and given X € G,
(1€ C:xa=xp on 3(A)F} = (S5(N).

(3) Suppose A is an integral domain, and each v # 1 € I' nontrivially
permutes the restricted (i.e., Go-)weight spaces of A. Then 3(A %
) =3(A)" =er3(Aer.

Now suppose that k is algebraically closed if I' is nontrivial.
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(4) Then we have:
S3(x) C T(x)NSr(x)
T(z) C S')if Z2=3(A),
wtT (I(S5(N) o | S).
wh(z)=A
(5) Condition (S4) holds for A x T if it holds for A. If 3(AxT) =27 =
3(A)Y, then the converse is also true, since
St(z) = wtTHI(S4 (M) Yz € X. (11.3)
Moreover, (S4) = (S3) in this case.

Note that one of the parts implies that x), = Ao& VA, and if k is algebraically
closed, then x; = x», = 0, Yz € X (see Theorem [[T2).

Proof.
(1) If we prove: CCa(y(X)) D Y(CCa(N)) Vv, A, then

YCCA(N) = 7(CCaly™H (7)) D 7 (yHCCA(Y(N))) = CCa(v(N),

thereby proving the reverse inclusion. To show the original inclusion,
use Proposition [Tl If 4 € CC4(N), then

X (2) = 1Xu (7 =127 = x00(2)
for any central z € Z, whence v(u) € CCa(y(N)).

(2) First, z € A commutes with A and with T if and only if z € 3(A)".
Next, we prove both inclusions: if u € Si()\) and v € I', then
Xy(p) = Xp = X O1 S(A)F

For the reverse inclusion, take any p ¢ I'(CCy4())); we will show
that x, # x on 3(A)". Since I' is finite, enumerate the distinct cen-
tral characters for A associated to I'(CC4(u)) [[T(CCa(N)) (equiv-
alently from above, I'(A) [TT'(1)), as {xu, X1, - -, x¢}. (In particular,
Xx = X for some i, and so is x.(,) for all y(u) € CCa(p).)

Now, ker x,, is a maximal ideal in 3(A), different from each ker x;;
this allows us to choose z; € 3(A) such that x;(z) = 0 # xu(2i)-
Hence 2’ =[], #; satisfies: x;(2') =0 Vi, xu(2") # 0.

Finally, define 2 := 37 7(2') € 3(A)F. Then if v € G,

W2 = Y wt@) = S ren@) = S @) = 3w (@)
B! B! v B!
so that from above, xA(2) = >__ x4 (?') = 0. On the other hand,
Xu(z) is a sum of zeroes and some (positive) number of x,(z)’s,
which is nonzero (since char(k) = 0 if |[I'| > 1). Hence x, # x» on
3(A)Y if ¢ T(CC4(N)), as claimed.
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The second equality comes from Lemma [[T.4. We now prove both
inclusions for the first equality. Clearly, 3(A)" C Z, and conversely,
let us claim

Claim. Z C A.

(If this holds, then Z = 3(A)" by the previous part.) It remains to
show the claim. Suppose z = Z«/er 24y € Z, with z, € A V7. Given

v # 1, we have to show that z, = 0; now choose any A € ZA with
v(A) # X and Ay # 0, and fix 0 # a) € Ay. Then

ZaAzyfy =qa\z = za) = Z zyy(ax)y-
v v

We now assume z, # 0, and obtain a contradiction. Assume that
zy = ag, @ -+ @ ag, for some weight vectors 0 # ap, € Ay, (With
pairwise distinct weights 6; € ). Then ajag, is nonzero (since A is
an integral domain) and in Ay (), where all (restricted) weights
are in the abelian group ZA, by the RTA axioms. Similarly, 0
ag;v(ax) € Ayt (6,)-

So if ayz = zay, then comparing the coefficient of v on both sides,
the sets of weights on both sides must be the same, whence their sum
is the same. Hence } ; m(6;) +1A = >, m(0;) +1y(A), or IA = Iy(N),

whence (in ZA) A = y(\), a contradiction.

We first show that if [Z(x) : V(2')] > 0, then x and 2’ are linked. But
this is clear, since Z(x) is indecomposable: choose some N C M C
Z(x) such that M is indecomposable, and M/N = V(z'). (This is
possible by Lemma [Jl) We now have V(') « M — Z(z) —
V(z), so x and ' are linked. This proves that S3(x) C T'(x).

Next, that S3(x) C Sr(z), follows from Proposition

It thus remains to show that T(z) C S*(x). To see this, use
Theorem again: on Z C A, xz = X\, = XAp@) = XF(z)» SO
F(x) € S*(z) V. Otherwise if 2,2’ are linked through a chain of
indecomposable objects in O, then there exists a unique “central
character block” O(v), that contains all these objects. In particular,
since z — v(z) kills all simple objects in such a block, we are done.

Finally, we prove the third inclusion. Given 2’ € S%(z) and \ =
Az, we note that y, = x,» on 3(A xT') = Z. Hence on Z N A, using
Theorem [T we get: xx, = Xz = Xar = Xa,,, Whence by a previous
part, Ay € I'(S%4(\z)), as desired.

If Z C A, then by the previous part, S3(z) C T'(x) C S*(z). Next,
if A satisfies (S4), then so does A x I" by the previous part again,
using Theorem Bl We now only need to prove that if Z C A, then
equation (II3) holds. But if u € S%(\;) and 2’ € wt~!(u), then
Xo(p) = Xp = X ON 3(A)"'. Now use Theorem [T thus, x» = Xz
on Z - so 2’ € S*(x).
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11.4. Central characters for wreath products. Finally, we come to the
case of Ry = S, g for g a complex semisimple Lie algebra. The main result
that we prove here helps prove Proposition EE2.

Theorem 11.3. Let Ax T = (Ug)®™ x S,, = Ry (over k= C).

(1) The center of Ry is (3(8lg)®")» 2 C[X1, ..., Xps), with s = dimc b.

(2) The center acts by the same central character on two simple objects
V(x),V(2') € O, if and only if Ay € Sp(Wy e Ay).

(3) The sets of central characters of A and A x I are in bijection with
(5*)" /(W™ o) and (h*)¥"/(S, 1 W, e) respectively. Every central
character comes from a Verma module.

In particular, we obtain a central character block decomposition, by Theo-
rem above. The rest of this section is devoted to proving the theorem.

Definition 11.3. Given \ € G, define CC4()) := S4(\) = {p € G : po& =
Ao&on 3(A)}.

Lemma 11.4. We work over any fixed ground field k.

(1) Suppose a finite group T' acts by algebra automorphisms on a k-
algebra A (here, |U'| € k* ). Then the fized point algebra AU is iso-
morphic to the spherical subalgebra erAer as subalgebras of A x T,
where ep = ﬁ Y ver -

(2) If A1, ..., A, are k-algebras, then 3(®;A;) = ®;3(A;).

(3) If A1,..., Ay are RTAs, and \; € G; are weights, then xx = ®ix,
on 3(A4), and CC4(X) = x;,CCa,(N;), where A = (A1,..., \p).

Proof.

(1) The map : A" — erAer (a +— eraer) is a k-algebra isomorphism.

(2) One inclusion is clear; the proof of the other is by induction on
n, and the only (possibly) nontrivial step is to show it for n = 2.
Given k-algebras A, B, suppose z = ) . a; ® b; is central, with the
b;’s linearly independent in B. Choose any a € A; then az = za
implies that all a;’s are central, whence z € 3(A) ® B. Now write
z =) ;a; @b}, where the a}’s are now linearly independent in 3(A).
Then bz = zb for all b € B implies that the b;-’s are all central in B.

(3) The statements make sense because of the previous part. It is easy
to show that the Harish-Chandra maps &; on A; and £ on A satisfy:
¢ = ®&; (extended by linearity). The first part now follows.

One inclusion for the second part follows from the first part here;
for the other, by the previous part of this lemma, it suffices to start
with T xa, (2i) = T 17y Xw (2i) for all 4, z; € 3(A;). Now fix ¢ and
set z; = 1 for all j # i; thus p; € CCy,(N\;) Vi.

O
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It is not hard now, to compute the center of Ry = S), 1 Ug, or the corre-
sponding blocks. We can now prove the main result in this subsection.

Proof of Theorem [T13.

(1) The first claim follows from Lemma [T Proposition T3, and the
following two classical results from Lie theory (s = dimc § here):

(a) 3(Ug) 2 C[Xy,...,X] (see [Dixl, Theorem 7.3.8]).

(b) If G is a finite group acting on a finitely generated polynomial
algebra C[X1,...,X;] via reflections, then C[X7,...,X;]¢ =
C[Y1,..., Y]] (Chevalley’s Theorem; see [Chel).

Applying these results (with G = S,,), the first part follows.

(2) By Harish-Chandra’s Theorem, (CCyg(A\) = WyeA. Now by Lemma
[TA) CCygen (A1, An) = Wi e (Ar,..., \n). We are now done
by Proposition (and the previous part).

(3) The only part not done above, involves computing all central char-
acters of A xI" (and not merely those in the Category O) - note that
the result itself implies that every central character corresponds to
some object in O. This remaining part follows from a special case
of the Nagata-Mumford Theorem (see e.g., [Mukl, Theorem 5.3]).

O
Finally, we present the proof of an earlier, unproved result:

Proof of Proposition .3 All but the first part (and that O is finite length)
were shown in this section. However, by Harish-Chandra’s theorem, ilg
satisfies all the Conditions (S). Thus, we are done by Theorem L2l Moreover,
that Ug®™ = U(g®") is of finite representation type, is well-known.

Now consider a finite-dimensional simple Rg-module; it is also a finite-
dimensional tg®"-module, hence is in Og,. So let us denote it by V(z);
say dim V(x) = d. Now by Corollary [Tl dim V4(A;)|d, and there are only
finitely many such \;’s. We are now done by Theorem Bl O

12. EACH BLOCK IS A HIGHEST WEIGHT CATEGORY

We now show that each block O(z) has enough projectives, and is a
highest weight category, under some Condition (S). The following result (see
[Donl, (A1)]) will be useful shortly; the proof is similar to [Khil, Theorem 3].

Proposition 12.1.

(1) If Exty(Z(x), M) or Exth (M, F(Z(x))) is nonzero for M € O and
x € X, then M has a composition factor V(z') with ' > x.
(2) If X and F(Y) have simple Verma flags, then Ext),(X,Y) =0, and

dimg(Homy4 (X,Y)) = Z (X : Z(x)][Y : F(Z(F(x)))] dimy Endgxr V().
reX
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Given € X, we now define OS* (or O<%) to be the subcategory of
objects N € O, so that all simple subquotients of N are of the form V(z’)
for 2/ < z (or 2’ < z respectively). Given z,2’ € X, define O(2')* :=
O(z")NO=*, and similarly, O(z')<% - so Z(z) € O(x)<* and Y (z) € O(x)<*.
We first show that enough projectives exist in O.

Lemma 12.1. If AT satisfies Condition (S1), then Z(x) is the projective
cover of V(x) in O(z)S*.

Proof. We know that O(z)S* C O(\., 1), so by Proposition B, Z(x) =
P(z,1) is projective here. Moreover, Z(x) is indecomposable, with radical
Y (x). The usual Fitting Lemma arguments now complete the proof. O

Proposition 12.2. If A x T' satisfies Condition (S2), then each O(x) has
enough projectives. If A x T satisfies Condition (S3), then each block O(z)
is equivalent to the category (Mod —B)f9 of finitely generated right modules
over a finite-dimensional k-algebra B = B,.

Proof. The proof of the first part uses the z-component in the (block) de-
composition of some P(y,[), as in [BGG]. The second part uses the existence
of progenerators and the usual Fitting lemma arguments, as in [Kh1]. O

Let us denote the projective cover of V(z) by P(z).
Proposition 12.3. For all z € X and M € O, we have

Homp(P(z),V(2')) = 6, EndoV(z),
dimg(Homp (P(z), M)) = [M :V(z)]dimy Endp V (z).

Proof. Both sides of the second equation are additive in M, over short exact
sequences. This reduces it to the case M = V (z'), i.e., the previous equation,
which holds by general properties of projective covers. U

To show that each block O(x) is a highest weight category (see [CPS] for
the definition), we need a result from [BGGI; its proof is also valid here.

Proposition 12.4. Recall what a p-filtration means, in Definition[G1l above.
(1) If M € O has a p-filtration, and x € X is mazimal (minimal) in the
set of Verma subquotients Z(x) of M, then M has a submodule (quo-
tient) Z(x), and the quotient (kernel of the quotient, respectively) has
a simple Verma flag.
(2) Given My, My € O, M = My & My has a p-filtration if and only if
each of My and My has a simple Verma flag.

Corollary 12.1. If A x T" satisfies Condition (S2), then every P(x) has a
p-filtration, with one subquotient (the “first” one) Z(x), and all others Z(x")
for some ' > x.

Proof. This is because each P(x,1) (see Proposition [0]) has a simple Verma
flag, with one subquotient Z(x), and every other subquotient Z(z') for some
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a2’ > x. Now use Propositions [ZZ, @1 and [Z3, as in [Khil, Theorem 6].
That Z(x) is the “highest” subquotient is as in Proposition [Z4 (or from
[Donl, (A3.1)(1)]). O

Theorem 12.1. Each block O(x) is a highest weight category if A x T
satisfies Condition (53).

Proof. We need Condition (S3) to ensure that the set of simple objects is
“interval-finite” with respect to the partial order. We are now done by

Corollary 211 O

13. BGG RECIPROCITY AND THE (SYMMETRIC) CARTAN MATRIX

Standing Assumption 13.1. For this section, A x I' satisfies Condition
(S3), and if T is nontrivial, we require that k is algebraically closed.

Definition 13.1. Fix a block O(z), and order S3(z) such that z; > z; =
1 < 7. We then define the

decomposition matriz Dy by: (Dy)i; := [Z(x;) : V(x5)].

duality matriz F, by: (Fy)ij == O; F ()"

Cartan matriz Cy, by: (Cy)ij = [P(z;) : V(z;)].

modified Cartan matriz C, by: (CL)i; = [P(x;) : V(F(z;))].

Note that the duality functor F' does not preserve each V(z), so the
“usual” notion of the Cartan matrix is not symmetric, as in the classical
case of ilg. However, a variant is.

Proposition 13.1 (BGG Reciprocity). For all z,2' € X, we have
[P(2") : Z(2)] = [Z(F(2)) : V(F(z"))] (13.1)
and hence C', is symmetric; more precisely, C. = F,DI F,D,F,.
As a consequence, [GKl, Theorem 9.1] holds, reconciling various notions of
block decomposition; in particular, S3(z) = T'(x) (recall Proposition [T23).
Proof. Proposition implies that V(z) is Schurian now, for all z. Hence
using Propositions [Zl and [Z3], we get that
[P(2) : Z(z)] = dimyHomo(P(2'), F(Z(F(2)))) = [F(Z(F(x))) : V(2")]
[Z(F(z)) : F(V(2')] = [Z(F(x)) : V(F(2))].
The second part is also standard, say, from the following results. O
Proposition 13.2. Let Grotp be the Grothendieck group of a category D.
(1) Groto = ®Groty (y)-
F, is symmetric and has order at most two.

(2)
(3) Cp = F,DIYF,D,. In particular, if T =1 then C, is symmetric.
(4) Each of the following sets is a Z-basis for Groto:

{lV(x)]:x € X}, {[Z(x)] : xz € X}, {[P(x)]:x € X}
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Proof. The first and last part are standard in a highest weight category;
the second part holds because F(F(V(x))) = V(x) Vx; and the third part
follows from equation ([3]) above. O

14. THE SECOND SETUP - TENSOR PRODUCTS

We now look at the representation theory of tensor products of skew group
rings over regular triangular algebras. More precisely, we relate the category
O over such a product, to the respective categories O; over each factor.

14.1. Notation. Fix n € N. We fix skew group rings A; xI'; over RTAs A;,
that satisfy the standing assumptions [Z1] and Then (mentioned above)
sodoes AxT := ®?:1(Az X FZ), where A = ®;A;, I' = x;I';, and G = x;G;.

14.2. Duality and tensor product decomposition. We first mention
some exact functors on tensor products of O;’s. For this subsection, we
work with the setup mentioned in Section B (on duality) above: we have as-
sociative k-algebras A;, each containing a unital k-subalgebra H J’»; moreover,
there exist anti-involutions i; of each A;-, that extend id H) -

We can now define A" = ®;A”, and similarly, H’,4, and the Harish-
Chandra categories H; and H' D ®jH;. Objects in these categories all have
“formal characters”, and the (restricted) duality functor F' operates on each
of these categories. The following is now standard.

Proposition 14.1. Fiz V; € H} for all j, and fir 1 <i <n.
(1) F(®;V;) = ®;F(Vj), and chg,v, = []; chy;.
(2) The functor Tv : H, — H', sending an Al-module M to the A’-
module Ty (M) := (®;<iV;) @ M ® (®;>;V}), is exact.
(3) As Al-modules, Ty (M) is a direct sum of copies of M; more pre-
cisely, Ty (M) = M @ W, for the vector space W = ®;;V}.

We now apply this in our setup. Define the Harish-Chandra and BGG
Categories H (or H;) and O (or O;) respectively, for AxI' O H (or A;xT'; D
H; respectively). Then the above result holds.

Corollary 14.1. If ®,;Vi(z;) = ®;Vi(a}) for z;,2, € X; for all i, then
x; = a, Yi. Moreover, if y = ®;y;, then Z(y) = ®;Z;(y;).

Proof. For the first part, apply Proposition [41] to both sides (having first
fixed an 7). Thus, the left side is a direct sum of copies of V;(x;), and
similarly for the other side. Now apply Lemma [0l (for R = A; x I';); thus
Vi(x;) = V;(x}) is the only simple summand on both sides, and we are done.

For the second part, we note that x;Y; C Y, so if we define y as above,
then Z(y) — ®;Z;(y;) — 0. Moreover, properties of induction functors
(and the triangular decomposition) imply that we can compare their formal
characters:

chZ(y) = chp_ chy = chg,p, _ chg,y, = Hcth chy, = H chZi(yi),
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whence the two must be isomorphic. O

15. COMPLETE REDUCIBILITY

We now show that all notions of complete reducibility (i.e., in the four
setups at the start, and always only for finite-dimensional objects in O) are
equivalent. We need a small result first, since two of the parts below are
similar. For this section, we do not need k to be algebraically closed.

Proposition 15.1. Suppose A" and A are RTAs, and AxT is a skew group
ring satisfying the Standing Assumptions [Z1l and [61. Also say there is a
finite-dimensional vector space U and 0 # u € U, such that

(1) T: M — U ®i M is an exact covariant functor : Oy — Oaxr.

(2) Ifvy has highest weight in the A'-Verma module Z s (1), then vy @u
has highest weight in T(Z (1)), which is also standard cyclic.

(3) The map: —®u takes weight spaces to weight spaces, and the induced
map : G — G4 is compatible with the partial orders on G4/,G 4.

Then if complete reducibility holds for finite-dimensional modules in O axr,
the same holds in Q4.

Proof. We will show that every short exact sequence between simple finite-
dimensional objects 0 — V(X) — V — V(') — 0 in Ox splits. Now
assume that there is some such nonsplit sequence. We may assume (using
Proposition with |I'| = 1, and) using the duality functor F' if necessary,
that ¢/ > X. Then V is standard cyclic; say v, spans its y/-weight space.
Now apply T to the sequence; by assumption, we get a short exact se-
quence in O 441, and each object is finite-dimensional since U is. On the one
hand, T'(V) is standard cyclic, and generated by v,y ® u (by assumption).
On the other hand, the short exact sequence in Q4 xr splits, and by assump-
tion, v, ® u has higher weight than the weights for T'(V()\’)) - whence it
must lie in the complement to T(V()')). In particular, it cannot generate
the entire module T'(V'), a contradiction. O

We now prove the equivalence of complete reducibility in the four setups
(we do this in two stages). We assume that all these setups involve (skew
group rings over) RTAs, satisfying Standing Assumptions 2l and B11 but
not necessarily any of the Conditions (S).

Theorem 15.1. Given such a skew group ring A x I, complete reducibility
holds (for finite-dimensional modules) in Oy C A-mod, if and only if it
holds in O 4xr.

Proof. First note that the existence of finite-dimensional (simple) modules in
O4 and in Oy4yr is equivalent, by Theorems Bl and [[Jl Now suppose that
complete reducibility holds in Q4. Apply Proposition Bl (using Lemma Bl
above), to the abelian subcategories P, D of H-semisimple finite-dimensional
modules inside O 4, O 4 respectively. This proves one implication.
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Conversely, apply Proposition [R], with A’ = A, U = kI'yu = 1 € U.
(Then T = Indﬁ>4F is exact, and the other assumptions also hold; for in-
stance, T(Va(\)) = V(y), where y = Ind22"*" kA for A € G.) O

Now suppose we are working with skew group rings (as above) A; x T';,
and we define A := ®;A4;,T" := x;I';.

Theorem 15.2. Complete reducibility holds in O if and only if it does so
i all O;.

Proof. We point out that we will use previous results, as well as Proposition
(below) in the setting |T'| = 1.

We now show the result. First, by Theorem [l it is enough to check
this for |[I'| = 1. Hence O; = O4, and O = Oy4. Next, the existence of
finite-dimensional modules in O is equivalent to that in O; for all ¢; this
follows from Proposition (when |T'| =1).

Therefore we now assume that there exist finite-dimensional modules in
each O; (and in O). Suppose complete reducibility holds in each O;, and
we have a non-split short exact sequence 0 — V(A) — V — V(u) — 0
of finite-dimensional modules (i.e., an indecomposable module of length 2).
From Proposition B3 A > p or A < p if the sequence does not split; using
the duality functor F' if necessary, assume that A < p.

Fix an i such that u; > )\;; now by assumption, the sequence does split
as finite-dimensional A;-modules. Suppose V. = V(\) @ M in O;. By
Proposition @3, V' is a standard cyclic A-module; say V' = Av,. Then
by H;-semisimplicity and Proposition M4l v, is in the H;-weight space
Ve = VN, ® M,, = M, (since \; < p;, and using Proposition
below, for [I'| = 1). But M = V(u) is a direct sum of copies of V;(u;).
Hence so is A;u, C M, and hence also, V = Av,, = (®;2;4;) - Ajv - hence,
its A;-submodule V(A) = @ V;(\;) (as A;-modules) as well - and we get a
contradiction by Lemma [[0T1

Hence all extensions with A < p split, and by duality, so do all extensions
with A > p. Thus complete reducibility holds in O.

Conversely, fix i, and for all j # i, fix simple finite-dimensional modules
V;i(Aj) € Oj (these exist by above remarks). Define the functor Ty : O; — O
as in Proposition [[41l above; thus, Tv is exact.

Now apply Proposition [l with A" = A;,|T'| = 1, A as above, U =
®;2iVj(Aj) (so T = Ty), and u = ®;xv;,, the unique (up to scalars)
highest weight vector in U. (Note that Tv(V;(Ai)) = Va(A1,...,A\n) by
Proposition again.) O

16. CONDITION (S) FOR TENSOR PRODUCTS

The idea now, is to relate the Categories O; for A; x I';, to O = O axr.
We need to characterize the simple objects in the latter, in terms of those in
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the former categories. As above, we have the various sets X; (X) of simple
H; x T';- (H xT'-) modules that are H;- (respectively H-) semisimple.

Standing Assumption 16.1. For this section and the next, assume that
Standing Assumption Tl holds.

Theorem 16.1. X = x;X;.

The example one should have in mind, is the case |I'| = 1; then X; = G; =
Homy_q14(Hj, k), and X = G = x;G;. Also note that if x € X, then
Ax = (Azps -5 Az,) € X5Gj.

Proof. For this, we need the following “general” resultfl.

Proposition 16.1. Let k be an algebraically closed field; all tensor products
are over k. Let R; be unital k-algebras for 1 <i <mn, and define R := Q;R;.
If P; (or P) is the set of (isomorphism classes of ) finite-dimensional simple
modules over R; (or R, respectively) (for each i), then the map ® : X;P; —
R — Mod, taking ([My],...,[M,]) to [®;M;], is a bijection onto P.

The proof of this result is an exercise in Wedderburn theory, keeping in
mind that if a simple A-module M is finite-dimensional (over k, where A
is a k-algebra), then A acts on M via a subalgebra A" C gl (M). (So A’ is
Artinian.) Moreover, M is a faithful simple A’-module - which makes A’ a
simple algebra, hence of the form Endy (k).

We now prove the theorem. If |[I'| = 1 then the result is clear, since
G = x;Gj. If not, then k is algebraically closed of characteristic zero,
by assumption. By Proposition [6.1] we only need to show that if My :=
®; My, , then the M, are H;-semisimple if and only if My is H-semisimple.
The “only if” part is clear, and for the “if” part, it is not hard to show that
for each A € G, (Mx)x C ®;(My,)y,. Therefore

My = @ (MX)A - @ ®(Mrz)>u = ® @ (MIZ)AL C ®iM9Ei = Mx

AeG=x,;G; AeG 1 i NEG;
whence all inclusions are equalities, and My, = @, cq. (Mz,)s, Vi. O

i

It is now easy to determine the simple objects in O (and their characters in
terms of those of the simple objects in O;):

Proposition 16.2 (“Weyl Character Formula 2”). V € O is simple if and
only if V.= ®;Vi(z;) for some simple Vi(x;) € O;. (Moreover, chy =
Hi Cth‘(u’Ez‘)‘)

Proof. Fix i. Given z; € Xj for all j, V := ®;Vj(x;) is isomorphic to
Vi(z;) @ W (as A; x I';-modules) by Proposition [[Z1]- where W is the vector
space ®;x;V;(x;). In particular, any maximal vector in V generates an
A; % I';-submodule; this submodule must also be a direct sum of copies of
Vi(z;), whence the vector has ith weight component v;();) for some ~; € T';.

1 thank Mitya Boyarchenko for telling me this general result.
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This holds for every 1 <4 < n; thus any maximal vector in V has weight
v(A), whence it is in ®;M,, = Mx. But My is simple by Theorem [6.1], so
the standard cyclic module ®;Vj(x;) is simple, whence it equals V' (x).

Thus, the map ¥ : x;X; — X (taking (Vi(z;)); to ®;V;(x;)) is surjective.
By Corollary 41l above, ¥ is also injective; hence we are done. O

Corollary 16.1. F'(x) = (F(z;)); inC, and F(V(x)) = ®;F(Vj(x;)) in O.

Proof. The statement in C follows from Proposition [[41], and the other
equation now follows by using Propositions and O

We now relate Condition (S3) for A x I', with the same condition for all
A; x T;. Define the sets S!(x;) C S3(z;) C X; (and S'(x) C S?(x) C X) as
in Definition Bl above.

Theorem 16.2.
(1) For each x, Z(x) has finite length if and only if each Z;(x;) does.
(2) O is finite length if and only if all O;’s are finite length.
(3) Given x; € X for all j, S'(x) C x;S}(z;) C S3(x) C stji-)’($j).

Proof. We will need the following elementary result.

Lemma 16.1. Given a ring R; and an Rj-module M; for each 1 < j <mn,
define R := ®@;R; and M := ®;M;. If each M; has a chain of submodules
M; = Mjo 2 Mj1 2 -+ 2 My, =0, then M has a chain of length [];1;,
with set of subquotients {®; (M, —1/Mj;,) : 1 <i; <l Vj}.

(1) If l; = U(Zj(x;)), then Z(x) has length [];/; by Lemma [[E1] and
Proposition Conversely, suppose some Z(x) has finite length,
say n, but some Z;(x;) does not. Then we can construct an arbitrar-
ily long filtration of Z;(z;), say of length > n. By Lemma [[61], this
gives a filtration of Z(x) of length larger than n, a contradiction.

(2) This follows from Proposition and the previous part.
(3) This is done in stages.

Step 1. We show the first inclusion (and will use it later, to show
the third inclusion). We are to show that if x' € x;S}(v;), and
[Z(x') : V(x")] or [Z(x") : V(x')] is nonzero, then x" € x;S}(x;).
Suppose [Z(x') : V(x”)] > 0 (the proof is similar in the other
case). Fix i. As A; x [';-modules, Z(x') = ®;Z;(z}) (or V(x") =
®;V;(27)) is isomorphic (by above results) to a direct sum of copies
of Z;(}) (or Vj(z}), respectively). Thus, V;(z) is a subquotient of
V(x") (as A; x I';-modules), hence also of Z(x') = ®Z;(z}). Now
use Lemma [I1] - so z € Si(z}) = Si(z;) (by transitivity) for all .
Step 2. Since in a Cartesian product of graphs, the connected

components are the products of connected components in each fac-
tor, the second inclusion holds if we show that if x' € S3(x) and
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in $3(x). By transitivity, this further reduces to showing the same
when [Z;(z}) : Vi(2!)] or [Z;(2V) : V;(«})] is nonzero.

(3 (3 (3 (3
We show the proof in the second case (the proof in the first case

is similar). Apply Lemma [[G.1] to the chains of submodules

Mj = Z;(z}) D Yj(2})) D0¥j #£4, M= Zia}) > M 2N >0,
where M'/N' = Vi(z}). Then [Z(x") : V(x)] > 0, whence x” €
S3(x") = S3(x) (by transitivity).

Step 3. Finally, the third inclusion follows from Step 1 and Corol-
lary 611 since x ij?-’(xj) is now closed under both operations.

! / . N . / / ! / / :
zj € Si(z;) for some 4, then x" := (z%,...,2;_j, o], 25 4,...,2}) is

O

Thus, the last part is a step towards showing the equivalence of Condition
(S3) in the two setups. In fact, it is enough in the case that we need:

Corollary 16.2. If |F| =1, then S%(/\l, ,/\n) = stg’()\j) Vi, A\ € Gy
hence Condition (S3) holds for A if and only if it holds for every A;.

Proof. If U] =1, X = G, X; = G; Vi, and S'(\) = S3(\) VA (since F(\) =
A); thus, all inclusions in the final part of the above result are equalities. [

We conclude this section by simultaneously doing two things. First, the
last part of Theorem suggests that some generalization of the formula
in Corollary is possible. Moreover, we wish to complete the following
“commuting” cube (relating the “S3-sets” in various setups), given vy € T,
A € G, and x € X such that A = Ax (also see Proposition [[L2); note that
F preserves every (known) vertex.

{83 (v(M))} - {S3(x:)} (16.1)
y L ¥()=id
{Sf’(/\i)} ‘( {S?(!Ei)} X
x S%(v(V)) . @
~() | (=7
S5 a Y,

To do this, we introduce the following notation. Define F0(z) :=
and Fl(z) := F(z); for all ¢ = (e1,...,&,) € (Z/2Z)", define F*(x) :
(Fe'(zy), ..., Fen(xy,)). For all €&/, we thus have: F*(F¢ (x)) = F°*¢'(x).

Now note that the cube above is identical to the one in diagram ({2
above, with the Z’s replaced by S%. However, the missing set of objects
@ (which should be contained in x;S3(z;)) cannot just be S3(x), since it

X
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could also have been S3(F¢(x)) in its place. So the natural candidate now,
would be the finite union (J. S?(F#(x)). The question now is: when is this
set closed under all the F*? We present a sufficient condition.

Theorem 16.3. If F(Si(x;)) = SI(F(z;)) Vi, x;, then
< S = | SHF(x). (16.2)

c€P(Z/2L)"

Remark 16.1.
(1) Here, P(Z/2Z)" denotes the quotient of (Z/2Z)™ by the diagonal
copy of Z /27 sitting in it as {(0,...,0),(1,...,1)} (we abuse nota-
tion). This is because by Corollary[[6.1], F(x) = F(1L-1)(x) € §3(x).
(2) In general, it is not clear that F'(S’(z)) = S’(F(z)). In the degener-
ate case I' = 1, this holds because F'(\) = A for any RTA A and any
A€ G. (So F(S'(\) =S'(\) = S3(N).)

Proof. Note that S3(F¢(x)) C ij]?’(FEJ' (x)) = ij]i-)’(:Ej) Ve. Moreover,
Theorem implies that we can cover all of x ng’ (xj) from any fixed x,
using the duality functors ¢, and the relation of being a simple subquotient
of a Verma module.

Claim. F*(S3(x)) = S3(F*(x)) Ve.

Before we show the claim, let us use it to prove the theorem. Note, by the
first paragraph in this proof, that the right-hand side of equation ([[6.32) is
contained in the left side. Moreover, both sides are closed under the “Verma-
to-simple relation”, as well as all possible F’s (by the claim). But both sides
also partition X (since X; = ]_[SJ?’ (x;) for all j), whence all inclusions are
now equalities, as desired.

It remains to prove the claim. Moreover, it suffices to show, for any
coordinate vector e;, that F%(S3(x)) C S3(F¢(x)), for then we get that

SHFe(x)) = F(F(S°(F* (x)))) € F(S°(x)) € S°(F (x))

from above, whence all inclusions become equalities. The statement for
general ¢ follows by a series of compositions of various Fi’s.

We now conclude the proof. Say x’ € S3(x) satisfies F* (x') € S?(F¢ (x)),
and [Z(x") : V(x”)] > 0 (the case when [Z(x") : V(x')] > 0 is similar). By
the proof of the previous theorem, [Z;(2%) : V;(27)] > 0 Vj. Hence by the
given assumption,

Fe(x") € Fo (x;S5(x})) = Si(F(x})) x (x;2:5(x})) C S3(Fei(x)),
where the last inclusion follows from Theorem But then by choice of
x', we have F°(x') € S3(F¢ (x)), so F¢(x") € S3(F¢(x)) too.

The other relation is that of duality. But if x’ € S3(x) satisfies F* (x') €
S3(F¢i(x)), then F¢(F(x')) = F(F¢%(x')) € S3(F¢(x)), since this latter
set is also closed under duality (F = F(-b),
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Hence the closure under both these relations (of x, which does satisfy:
Fei(x) € S3(F¢(x))) also satisfies the same property. Thus, F¢ (S3(x)) C
S3(F¢i(x)) for all 4, which finishes the proof of the claim. O

17. FUNCTORIALITY OF THE BGG CATEGORY: COMBINING THE SETUPS

Combining all of the above analysis, we see that we have four setups in
which it makes sense to consider the BGG Category O, as given in ().
We now sketch a proof of Proposition Bl above:

That the first diagram commutes, is proved in Theorem MG.I} for the
second diagram, use Proposition and Corollary [6J The commuting
cube in the C’s uses the first diagram in Proposition B, Proposition B2
Theorem [[6T] and Corollary I8l Finally, the result on Verma modules
uses Remark [[J] and Corollary [ZJl (The cube mentioned immediately
after Proposition F]], also uses these results.)

We now show the main theorems, after stating a part of Theorem in
full detail:

Proposition 17.1. Given \; € G; for all i, the following are equivalent:
(1) Va,(N) is finite-dimensional for all i.
(2) Va(A) is finite-dimensional, where A = (A1,..., \p).
(3) Va,xr,(zi) is finite-dimensional for all i and any x; with \; = Ay, .
(4) Vaur(x) is finite-dimensional for any x with A = \«.

and the following are equivalent:

(1) Za,(Ni) has finite length for all i.
(2) Z ( ) has finite length, where A = (A1,...,An).
(3) Za,xr;(zi) has finite length for any i and x; with A\; = Ay,
(4) Zaxr(x) has finite length for any x with A = \«.
In all cases, V' and Z stand for simple and Verma objects in the appropriate
Category O, respectively.

Proof. The first set of equivalences follows from Proposition [[6.2 (for the ver-
tical arrows in diagram (L)) and Theorem [l (for the horizontal arrows).
The second set of equivalences follows from Theorems [Tl and O

Finally, we “collect together” a proof of the main results of this article.

Proof of Theorem [{-1 The first part is Theorem [[G.J} the second comes
from Propositions and For the third part, for m = 3 and 4, use
Corollary and Lemma [[T4 respectively. Given the result for m = 3,
apply m = x;m; to get it for m = 2; moreover, this implies the m = 1
statement because of the partial order on G. O

Proof of Theorem [{.3

(1) The equivalence of complete reducibility holding in the four setups,
follows from Theorems [l and The second and third parts are
shown above. The fourth part (about O and Verma modules being of
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finite length) follows from Proposition 2 Finally, the equivalences
of the Conditions (S) across the four setups follow from Theorems
@1 and BT and Proposition

(2) This follows from Theorem [l and Proposition [T3

O

Proof of Theorem[{.3 The first part follows from Theorem [T, and the
final two parts from Theorem 2] Corollary [[2Z1] and Proposition 22 [

APPENDIX A. APPLICATION: SYMPLECTIC OSCILLATOR ALGEBRAS

A.1. Definitions. Now fix A = Hy for a polynomial f (see [KhI]) and
n € N. (Note that Hy is an infinitesimal Hecke algebra over sly, as defined
by Etingof, Gan, and Ginzburg in [EGG].) Define Hy,, := (Hy)®" x S,, =
Sp VHy. Then (we work here over k = C, and) the analysis above yields:

Theorem A.l. Hy, has a triangular decomposition. Moreover, if 1 +
f # 0, then O is an abelian, finite length, self-dual category with block
decomposition, as above. Fach block is a highest weight category.

This is because A = Hy is then a strict Hopf RTA that satisfies Condition
(S3), from [Khi]. Moreover, from [K'T], CC4()) is finite for all A € G, since
the center is “large enough”). We can also characterize all finite-dimensional
simple modules in O, by [Khll, Theorem 11], and the values of f for which
complete reducibility holds in O (see [GKl Theorem 10.1}).

A.2. Digression: Deforming a smash product. Suppose a Lie algebra
g acts on a vector space V. One defines a Lie algebra extension Vy x g, via:

[v,0'] :== 0 [X,v] := X (v) Vo, €V, X, X' €g

Now suppose that V,V’ C V; are finite-dimensional g-submodules, and
we want to deform the relations [v,v'] (inside the algebra U(Vp % g)), with
desired images in Ug. In particular, [X, [v,v']] should equal ad(X)([v,v]) €
$lg. Thus we need a g-invariant element w of Homy(V A V' ig), i.e., w €
Homy(V A V', Ug) = (VA V)" @ Ug)?. In particular, if V = V' has
dimension 2, then w € (k @y tg)? = 3(4g), so [v,v'] must be central.

Now apply this to Hy ,, where sl acts on V = kX @ kY inside each copy
(Hy)i. Hence any deformed relations [Y;, X;] must be of the form f(A;).
Moreover, the element ), [Y;, X;] must be central in the skew group ring
Ug x S, (for g = sI§™), for it is central in g as above, and it is invariant
under any transposition, hence under S,,.

A.3. Certain other deformations do not preserve the triangular
decomposition. We consider certain deformations of H, and show that
they do not preserve the triangular decomposition. More precisely, consider
relations of the form

Y. X)) = {f (83) + Sipilesi +d)(m(1 © Ax)(A) i i = j

Al
US;5 + vsij(m(l ® S)Aw)(A) + w;; ifi #£j ( )
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where

¢,d,u,v € k, and w;; € g for all i # j (where g = sI5"),

m is the multiplication map : Hy, ® Hy,, — Hy p,

Ajj is the comultiplication in U(sly), with image in U(sla); @, U(sla); C Hy p,
S is the Hopf algebra antipode map on 4(sl5™), taking X € sl§" to — X,
and A is the Casimir element in (sl3).

(Note that together with this subalgebra g comes its Cartan subalgebra
h = @®b;, where h; = k- H; C (Hy);. Moreover, H](?" is h-semisimple.)

We consider these relations because they are similar to those found in cer-
tain wreath-product-type deformations (see [EM]). Here, we find symplectic
reflections of the form sij’yfyj_l, which equals s;;(m(1® S)A;;)(y) under the
Hopf algebra structure (note that ~; = f;(7y) here). However, we would still
like our deformations to have the triangular decomposition.

Theorem A.2. The only deformations of the type in equation ([A), that
also have the triangular decomposition, occur when c,d,u,v,w;; are all zero.

Proof. Check that (m(l & S)A”)(A) =A;+ Aj + (eifj + fiej + (hzh])/Q))
Now note that X; and Y; are all weight vectors for ad b; hence so also must
be their commutator. Suppose X; € (Hy )y, and Y; € (Hy,,)—y, for all 4, j.
Then we should get [Y;, X;] € (Hy )y, for all 4, 3.

Let us denote e;f; + fie; + (hihj)/2, by m;; = mj;. We now check the
relations for ¢ = j, for we know that ) [Y;, X;] must be central in g X Sy,

Z[Y;, Xz] = Z f(AZ) + Z(Csij + d)(Az + Aj + mij)
i i i#]

The first term is obviously central. We now use that the commutator of ey
with this sum is zero (for fixed k), to show ¢ = d = 0. This commutator
equals (up to scalar multiples)

Z <[ek, Csik](Ai + A + mlk) + (CSik + d) [6k, A+ A+ mlk]>

itk

The first term equals cs;i(e; — ex)(A; + Ax + myi) and the second term is
(esik + d)[er, mik], so we get that [eg, >, [Yi, X;i]] equals

= Z csik(ei — ex) (A + A + mig) + (csi + d)(e;hyx, — hieg)
itk
To satisfy the triangular decomposition, we must have ¢ = 0 (consider the
coefficient of Sikfie?, in es;pe;A; = csipAje;), and hence d = 0.

Next, when i # j, we need [Y;, X;] to be an ad h-weight vector of weight
n; — mi. But wy; € U(s13™), and Ll(s[?")nj_m = 0 if i # j, since each weight
space has weight in ®;Z(2n;). Similarly, the ad h;-actions on [Y;, X;] and
the other terms do not agree:

[hi, Sij (u + ’Umij)] = Sij(hj — hl)(u + vm,'j) + VSij [h“ mij]

and thus the LHS is not a weight vector, unless u = v = 0 as well. O
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